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áƵůĂ ϬϬ͗ FƵŶĚĂŵĞŶƚŽƐ ĚĂ ŐĞŽŵĞƚƌŝĂ ĞƵĐůŝĚŝĂŶĂ͗
ƉŽŶƚŽ͕ ƌĞƚĂ͕ ƉůĂŶŽ͖ ąŶŐƵůŽƐ Ğ ƐƵĂƐ ƌĞůĂĕƁĞƐ

ĨƵŶĚĂŵĞŶƚĂŝƐ͖ ƚƌŝąŶŐƵůŽƐ
áŶƚĞƐ ĚĞ ŝŶŝĐŝĂƌŵŽƐ Ž ŶŽƐƐŽ ĐƵƌƐŽ͕ ǀĂŵŽƐ Ă ĂůŐƵŶƐ áVISOS IMPORTáNTES͗

ϭͿ CŽŵ Ž ŽďũĞƟǀŽ ĚĞ ŽƟŵŝǌĂƌ ŽƐ ƐĞƵƐ ĞƐƚƵĚŽƐ͕ ǀŽĐġ ĞŶĐŽŶƚƌĂƌĄ͕ Ğŵ ŶŽƐƐĂ ƉůĂƚĂĨŽƌŵĂ ;ÁƌĞĂ ĚŽ
ĂůƵŶŽͿ͕ ĂůŐƵŶƐ ƌĞĐƵƌƐŽƐ ƋƵĞ ŝƌĆŽ ĂƵǆŝůŝĂƌ ďĂƐƚĂŶƚĞ Ă ƐƵĂ ĂƉƌĞŶĚŝǌĂŐĞŵ͕ ƚĂŝƐ ĐŽŵŽ ͞RĞƐƵŵŽƐ͕͟ ͞SůŝͲ
ĚĞƐ͟ Ğ ͞MĂƉĂƐ MĞŶƚĂŝƐ͟ ĚŽƐ ĐŽŶƚĞƷĚŽƐ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞƐ ĚĞƐƐĞ ĐƵƌƐŽ͘ EƐƐĂƐ ĨĞƌƌĂŵĞŶƚĂƐ ĚĞ
ĂƉƌĞŶĚŝǌĂŐĞŵ ŝƌĆŽ ƚĞ ĂƵǆŝůŝĂƌ Ă ƉĞƌĐĞďĞƌ ĂƋƵĞůĞƐ ƚſƉŝĐŽƐ ĚĂ ŵĂƚĠƌŝĂ ƋƵĞ ǀŽĐġ ƉƌĞĐŝƐĂ ĚŽŵŝŶĂƌ͕
ƋƵĞ ǀŽĐġ ŶĆŽ ƉŽĚĞ ŝƌ ƉĂƌĂ Ă ƉƌŽǀĂ ƐĞŵ ůĞƌ͘

ϮͿ Eŵ ŶŽƐƐĂ PůĂƚĂĨŽƌŵĂ͕ ƉƌŽĐƵƌĞ ƉĞůĂ TƌŝůŚĂ EƐƚƌĂƚĠŐŝĐĂ Ğ MŽŶŝƚŽƌŝĂ ĚĂ ƐƵĂ ƌĞƐƉĞĐƟǀĂ ĄƌĞĂͬĐŽŶͲ
ĐƵƌƐŽ ĂůǀŽ͘ á TƌŝůŚĂ EƐƚƌĂƚĠŐŝĐĂ Ġ ĞůĂďŽƌĂĚĂ ƉĞůĂ ŶŽƐƐĂ ĞƋƵŝƉĞ ĚŽ CŽĂĐŚŝŶŐ͘ EůĂ ŝƌĄ ƚĞ ŝŶĚŝĐĂƌ ƋƵĂů
Ġ ĞǆĂƚĂŵĞŶƚĞ Ž ŵĞůŚŽƌ ĐĂŵŝŶŚŽ Ă ƐĞƌ ƐĞŐƵŝĚŽ Ğŵ ƐĞƵƐ ĞƐƚƵĚŽƐ Ğ ǀĂŝ ƚĞ ĂũƵĚĂƌ Ă ƌĞƐƉŽŶĚĞƌ ĂƐ
ƐĞŐƵŝŶƚĞƐ ƉĞƌŐƵŶƚĂƐ͗

ͻ QƵĂů Ă ŵĞůŚŽƌ ŽƌĚĞŵ ƉĂƌĂ ĞƐƚƵĚĂƌ ĂƐ ĂƵůĂƐ͍ QƵĂŝƐ ƐĆŽ ŽƐ ĂƐƐƵŶƚŽƐ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞƐ͍

ͻ QƵĂů Ă ŵĞůŚŽƌ ŽƌĚĞŵ ĚĞ ĞƐƚƵĚŽ ĚĂƐ ĚŝĨĞƌĞŶƚĞƐ ŵĂƚĠƌŝĂƐ͍ PŽƌ ŽŶĚĞ ĞƵ ĐŽŵĞĕŽ͍

ͻ ͞EƐƚŽƵ ƐĞŵ ƚĞŵƉŽ Ğ Ž ĐŽŶĐƵƌƐŽ ĞƐƚĄ ƉƌſǆŝŵŽ͊͟ PŽƐƐŽ ĞƐƚƵĚĂƌ ĂƉĞŶĂƐ ĂůŐƵŵĂƐ ƉĂƌƚĞƐ ĚŽ ĐƵƌƐŽ͍
O ƋƵĞ ƉƌŝŽƌŝǌĂƌ͍

ͻ O ƋƵĞ ĨĂǌĞƌ Ă ĐĂĚĂ ƐĞƐƐĆŽ ĚĞ ĞƐƚƵĚŽ͍ QƵĂŝƐ ĂƐƐƵŶƚŽƐ ƌĞǀŝƐĂƌ Ğ ƋƵĂŶĚŽ ĚĞǀŽ ƌĞǀŝƐĄͲůŽƐ͍

ͻ á ƋƵĂŝƐ ƋƵĞƐƚƁĞƐ ĚĞǀĞ ƐĞƌ ĚĂĚĂ ƉƌŝŽƌŝĚĂĚĞ͍ QƵĂŝƐ ƐŝŵƵůĂĚŽƐ ĚĞǀŽ ƌĞƐŽůǀĞƌ͍

ͻ QƵĂŝƐ ƐĆŽ ŽƐ ƚƌĞĐŚŽƐ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞƐ ĚĂ ůĞŐŝƐůĂĕĆŽ͍

ϯͿ PƌŽĐƵƌĞ͕ ŶĂƐ ŝŶƐƚƌƵĕƁĞƐ ŝŶŝĐŝĂŝƐ ĚĂ ͞MŽŶŝƚŽƌŝĂ͕͟ ƉĞůŽ LŝŶŬ ĚĂ ŶŽƐƐĂ ͞CŽŵƵŶŝĚĂĚĞ ĚĞ AůƵŶŽƐ͟ ŶŽ
TĞůĞŐƌĂŵ ĚĂ ƐƵĂ ĄƌĞĂ ͬ ĐŽŶĐƵƌƐŽ ĂůǀŽ͘ EƐƐĂ ĐŽŵƵŶŝĚĂĚĞ Ġ ĞǆĐůƵƐŝǀĂ ƉĂƌĂ ŽƐ ŶŽƐƐŽƐ ĂƐƐŝŶĂŶƚĞƐ
Ğ ƐĞƌĄ ƵƟůŝǌĂĚĂ ƉĂƌĂ ŽƌŝĞŶƚĄͲůŽƐ ŵĞůŚŽƌ ƐŽďƌĞ Ă ƵƟůŝǌĂĕĆŽ ĚĂ ŶŽƐƐĂ TƌŝůŚĂ EƐƚƌĂƚĠŐŝĐĂ͘ áƐ ŵĞůŚŽͲ
ƌĞƐ ĚƷǀŝĚĂƐ ĂƉƌĞƐĞŶƚĂĚĂƐ ŶĂƐ ƚƌĂŶƐŵŝƐƐƁĞƐ ĚĂ ͞MŽŶŝƚŽƌŝĂ͟ ƚĂŵďĠŵ ƐĞƌĆŽ ƌĞƐƉŽŶĚŝĚĂƐ ŶĂ ŶŽƐƐĂ
CŽŵƵŶŝĚĂĚĞ ĚĞ AůƵŶŽƐ ĚŽ TĞůĞŐƌĂŵ͘

;ΎͿ O TĞůĞŐƌĂŵ ĨŽŝ ĞƐĐŽůŚŝĚŽ ƉŽƌ ƐĞƌ Ă ƷŶŝĐĂ ƉůĂƚĂĨŽƌŵĂ ƋƵĞ ƉƌĞƐĞƌǀĂ Ă ŝŶƟŵŝĚĂĚĞ ĚŽƐ ĂƐƐŝŶĂŶƚĞƐ
Ğ ƋƵĞ͕ ĂůĠŵ ĚŝƐƐŽ͕ ƚĞŵ ƌĞĐƵƌƐŽƐ ƚĞĐŶŽůſŐŝĐŽƐ ĐŽŵƉĂơǀĞŝƐ ĐŽŵ ŽƐ ŽďũĞƟǀŽƐ ĚĂ ŶŽƐƐĂ CŽŵƵŶŝͲ
ĚĂĚĞ ĚĞ áůƵŶŽƐ͘
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SƵŵĄƌŝŽ

ϭ FƵŶĚĂŵĞŶƚŽƐ ĚĂ GĞŽŵĞƚƌŝĂ PůĂŶĂ͗ ĞůĞŵĞŶƚŽƐ ƉƌŝŵŝƟǀŽƐ͕ ĂǆŝŽŵĂƐ Ğ ƉŽƐƚƵůĂĚŽƐ ϲ

ϭ͘ϭ EŶƚĞƐ ĨƵŶĚĂŵĞŶƚĂŝƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϲ

ϭ͘Ϯ PŽƐŝĕƁĞƐ ƌĞůĂƟǀĂƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϵ

Ϯ ÂŶŐƵůŽƐ ϭϮ

Ϯ͘ϭ CĂƌĂĐƚĞƌşƐƟĐĂƐ ďĄƐŝĐĂƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϭϮ

ϯ TƌŝąŶŐƵůŽƐ Ϯϳ

ϯ͘ϭ EůĞŵĞŶƚŽƐ ĨƵŶĚĂŵĞŶƚĂŝƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ Ϯϳ

ϯ͘Ϯ RĞůĂĕƁĞƐ ĂŶŐƵůĂƌĞƐ Ğŵ ƚƌŝąŶŐƵůŽƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ Ϯϴ

ϯ͘ϯ CŽŶĚŝĕĆŽ ĚĞ ĞǆŝƐƚġŶĐŝĂ Ğ ĐůĂƐƐŝĮĐĂĕƁĞƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ Ϯϵ

ϯ͘ϰ CŽŶŐƌƵġŶĐŝĂ ĚĞ ƚƌŝąŶŐƵůŽƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϯϳ

ϯ͘ϱ SĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵůŽƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϰϭ

ϰ CĞǀŝĂŶĂƐ Ğ ƉŽŶƚŽƐ ŶŽƚĄǀĞŝƐ ϱϲ
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ϰ͘ϭ CĞǀŝĂŶĂƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϱϲ

ϰ͘Ϯ PŽŶƚŽƐ ŶŽƚĄǀĞŝƐ ĚŽ ƚƌŝąŶŐƵůŽ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϱϳ

OůĄ ĞƐƟŵĂĚŽ ĂůƵŶŽ͘ É Ƶŵ ƉƌĂǌĞƌ ƚġͲůŽ ĐŽŶŽƐĐŽ ŶĞƐƚĞ ŶŽǀŽ ƚƌĂũĞƚŽ ƉĂƌĂ Ž ĂƉƌĞŶĚŝǌĂĚŽ ĚĂ ŵĂͲ
ƚĞŵĄƟĐĂ͊ SŽƵ Ž ƉƌŽĨĞƐƐŽƌ IƚĂůŽ MĂƌŝŶŚŽ͕ ĨŽƌŵĂĚŽ Ğŵ ŵĂƚĞŵĄƟĐĂ ƉĞůĂ UERJ͖ ĂƚƵŽ ŶŽ ĞŶƐŝŶŽ ĚĞ
ŵĂƚĞŵĄƟĐĂ Ğ İƐŝĐĂ ŶŽ ĞƐƚĂĚŽ ĚŽ RŝŽ ĚĞ JĂŶĞŝƌŽ ŚĄ ϭϮ ĂŶŽƐ ĐŽŵ ĞŶĨŽƋƵĞ Ğŵ ĐŽŶĐƵƌƐŽƐ ŵŝůŝƚĂƌĞƐ͘ MĞ
ĞƐƉĞĐŝĂůŝǌĞŝ ŶĂ ƉƌŽĚƵĕĆŽ ĚĞ ŵĂƚĞƌŝĂŝƐ ĚŝĚĄƟĐŽƐ ĚĞŶƚƌŽ ĚŽ ŵĞƐŵŽ ĞŶĨŽƋƵĞ͘

áŵĂƚĞŵĄƟĐĂ Ġ ƵŵĂ ĐŝġŶĐŝĂ ĐŽŶƐƚĂŶƚĞ͘ GĂůĞƌĂ͕ ĞůĂ ŶĆŽŵƵĚĂ͘ É ƐĞŵƉƌĞ ĂŵĞƐŵĂ͘ SĂďĞŵŽƋƵĞ͕ ĚĞ
ĨĂƚŽ͕ ŵƵĚĂ͍ NŽƐƐĂ ƉĞƌƐƉĞĐƟǀĂ͘ NŽƐƐŽ ŽďũĞƟǀŽ ĂƋƵŝ Ġ ĨĂǌĞƌ ǀŽĐġŵƵĚĂƌ Ă ĨŽƌŵĂ ĚĞ ǀĞƌ ĂŵĂƚĞŵĄƟĐĂ͘
PŽĚĞ ƚĞƌ Ă ĐĞƌƚĞǌĂ ĚĞ ƋƵĞ Ă ĂďŽƌĚĂŐĞŵĂ ƐĞƌ ƚŽŵĂĚĂ ĂƋƵŝ Ġ ĚŝĨĞƌĞŶƚĞ ĚĞ ƋƵĂůƋƵĞƌ ĞǆƉĞƌŝġŶĐŝĂ ŶĞŐĂƟǀĂ
ƋƵĞ ǀŽĐġ͕ ĞƐƚƵĚĂŶƚĞ͕ ƉŽƐƐĂ ƚĞƌ ǀŝŶĚŽ Ă ƚĞƌ ŶŽ ĚĞĐŽƌƌĞƌ ĚĞ ƐƵĂ ǀŝĚĂ ĚĞ ĞƐƚƵĚŽƐ͘ á ĂĞƌŽŶĄƵƟĐĂ ĐŽďƌĂ
ĞůĞŵĞŶƚŽƐ ƉĂĚƌŽŶŝǌĂĚŽƐ Ğŵ ƐƵĂƐ ƉƌŽǀĂƐ͘ PƌĞƚĞŶĚŽ ĨĂǌĞƌ ǀŽĐġ ǀŝƐƵĂůŝǌĂƌ ĞƐƐĞ ƉĂĚƌĆŽ Ğ͕ Ă ƉĂƌƟƌ ĚĞ
ŵƵŝƚĂ ƉƌĄƟĐĂ͕ ĂůĐĂŶĕĂƌ ƐĞƵƐ ŽďũĞƟǀŽƐ͘ SĞŵ ŵĂŝƐ ĚĞůŽŶŐĂƐ͕ ǀĂŵŽƐ ĂŽ ƋƵĞ ŝŶƚĞƌĞƐƐĂ͊

FŝǌĞŵŽƐ ƵŵĂ ĚŝǀŝƐĆŽ ďĂƐƚĂŶƚĞ ƉƌĞĐŝƐĂ ĚĞ ĞĚŝƚĂů ƉĂƌĂ ǀŽĐġ͕ ĂůƵŶŽ͘ SĞƉĂƌĂŵŽƐ ĂŵĂƚĞŵĄƟĐĂ Ğŵ ƚƌġƐ
ŐƌĂŶĚĞƐ ƉĂƌƚĞƐ͘ á ŵĂƚĞŵĄƟĐĂ I͕ Ă ŵĂƚĞŵĄƟĐĂ II Ğ Ă ŵĂƚĞŵĄƟĐĂ III ;Ă ƚŽĚĂ ůŝŶĚĂ Ğ ďĞůĂ ŐĞŽŵĞƚƌŝĂͿ͘
EƐƐĞ ůŝǀƌŽ ĞůĞƚƌƀŶŝĐŽ ƚƌĂƚĂƌĄ͕ ĐůĂƌŽ͕ ĚĞ ŐĞŽŵĞƚƌŝĂ͘ MĂƐ ĚĞ ŐĞŽŵĞƚƌŝĂ ƉĂƌĂ ĐŽŶĐƵƌƐŽƐ ŵŝůŝƚĂƌĞƐ͕ ƋƵĞ
ƚĞŵ Ƶŵ ĞŶĨŽƋƵĞ ďĂƐƚĂŶƚĞ ĞƐƉĞĐşĮĐŽ͘ áŶƚĞƐ ĚĞ ǀŽĐġ ĐŽŵĞĕĂƌ Ă ůĞƌ ĞƐƐĞ ŵĂƚĞƌŝĂů͕ ŐŽƐƚĂƌŝĂ ĚĞ ĨĂǌĞƌ
ĂůŐƵŵĂƐ ƌĞƐƐĂůǀĂƐ͘ VŽĐġ ŶĆŽ ĞŶĐŽŶƚƌĂƌĄ ŵƵŝƚĂƐ ƋƵĞƐƚƁĞƐ ESá ŶĞƐƐĞ ƉƌŝŵĞŝƌŽ ŵĂƚĞƌŝĂů͕ ĂƵůĂ ϬϬ͘ E
ƐĂďĞ Ž ƉŽƌƋƵġ͍ É ƉŽƌƋƵĞ Ă ESá ŶĆŽ ƵƟůŝǌĂ ĞƐƐĞ ĐŽŶƚĞƷĚŽ Ă ƐĞƌ ǀŝƐƚŽ ŶĞƐƐĂ ĂƵůĂ ĐŽŵŽ ĐŚĂǀĞ ĚŝƌĞƚĂ
ƉĂƌĂ ĂƐ ƋƵĞƐƚƁĞƐ͘ EůĂ ƵƟůŝǌĂ ĞƐƐĞƐ ĐŽŶĐĞŝƚŽƐ ĐŽŵŽ ĨĞƌƌĂŵĞŶƚĂƐ ƉĂƌĂ ŽƵƚƌĂƐ ƌĞƐŽůƵĕƁĞƐ ;ĚĞ ĄƌĞĂƐ͕
ƚƌŝŐŽŶŽŵĞƚƌŝĂƐ͕ ĞƚĐͿ͘ EŶƚĆŽ͕ ĐĂďĞ Ă ǀŽĐġ͕ ĞƐƚƵĚĂŶƚĞ͕ ĐŽŶĮĂƌ ŶĂƐ ƌĞƵŶŝƁĞƐ ĨĞŝƚĂƐ ĂƋƵŝ Ğ ĂĐƌĞĚŝƚĂƌ ŶĂ
ĞǆƉĞƌŝġŶĐŝĂ ƋƵĞ ƚĞŶŚŽ Ğŵ ƐĂůĂ ĚĞ ĂƵůĂ ƉĂƌĂ ŝĚĞŶƟĮĐĂƌ ŽƐ ƉŽŶƚŽƐ ŵĂŝƐ ďĂŝǆŽƐ ĚĞ Ƶŵ ĂůƵŶŽ ƋƵĞ ĂůŵĞũĂ
Ă ĐĂƌƌĞŝƌĂ ŵŝůŝƚĂƌ͘ FĂĕĂ ƚŽĚŽƐ ŽƐ ĞǆĞƌĐşĐŝŽƐ ŝŶĚĞƉĞŶĚĞŶƚĞ ĚĞ ƐĞƌ ŽƵ ŶĆŽ ĚĂ ESá͘ GĞŽŵĞƚƌŝĂ ƐĞ ĂƉƌĞŶĚĞ
ĂƐƐŝŵ͘ EŶƚĆŽ͕ ǀĂŵŽƐ ůĄ͊
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DISPONŐVEL CONTEȸDO

Aula 00

Fundamentos da Geometria Plana: elementos primitivos, axiomas e postulados. Ângulos:
deinição, elementos, notaçǤes, unidades de medida, classiicação, ângulos consecutivos,
ângulos adjacentes, bissetriz de um ângulo, ângulos opostos pelo vértice, retas paralelas
cortadas por transversais. Triângulos: deinição, elementos, relaçǤes angulares, condição
de existāncia, classiicação, cevianas, pontos notáveis, base média, congruāncia.

Aula 01
Teorema de Tales, semelhança de triângulos e teorema das bissetrizes. RelaçǤes métri-
cas no triângulo retângulo. Polőgonos: deinição, elementos, nomenclatura, polőgonos
cƬncavos, polőgonos convexos, classiicação, relaçǤes angulares e nȹmero de diagonais.

Aula 02 Quadriláteros notáveis: deinição, elementos, relaçǤes angulares, classiicação, base média
e mediana de Euler.

Aula 03
Polőgonos regulares: Polőgonos regulares inscritos e polőgonos regulares circunscritos. Cir-
cunferāncia: deinição de circunferāncia e de cőrculo, elementos, posiçǤes relativas, ângulos
na circunferāncia, quadriláteros inscritőveis, teorema de Pitot,e potāncia de ponto.

Aula 04 Trigonometria: razǤes trigonométricas no triângulo retângulo, trigonometria num triân-
gulo qualquer (Lei dos senos e dos cossenos)

Aula 05 Circunferāncia trigonométrica, operaçǤes com arcos (adição, subtração e arco duplo) e
funçǤes trigonométricas.

Aula 06 REVISIONAL ESTRATÉGICO

Aula 07 Áreas de iguras planas.

Aula 08
Introdução à Geometria Espacial. Prismas: deinição, elementos, classiicação, planii-
cação, áreas, volume e casos especiais: cubos e paralelepőpedos. Cilindros: deinição,
elementos, classiicação, planiicação, áreas e volume.

Aula 09
Pirâmides: deinição, elementos, classiicação, relaçǤes métricas na pirâmide, áreas e
volume. Cones: deinição, elementos, classiicação, relação métricas no cone, áreas e
volume.

Aula 10 Esferas: deinição, elementos, secção esférica, área da superfőcie esférica e volume. Tron-
cos.

Aula 11 REVISIONAL ESTRATÉGICO
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ϭ͘Ϯ PÊÝ®�Î�Ý Ù�½�ã®6�Ý

áƋƵŝ ĐŽŵĞĕĂƌĞŵŽƐ Ă ĞƐƚƵĚĂƌ ƐŽďƌĞ ĂƐ ƉŽƐŝĕƁĞƐ ĞŶƚƌĞ ĚŽŝƐ ĞŶƚĞƐ ĨƵŶĚĂŵĞŶƚĂŝƐ͘ FŽĐĂƌĞŵŽƐ ŶŽ
ƉŽŶƚŽ Ğ ŶĂ ƌĞƚĂ͘ O ƉůĂŶŽ ƐĞƌĄ ĚŝƐĐƵƟĚŽ ŵĂŝƐ ƚĂƌĚĞ͕ ƋƵĂŶĚŽ ĐŽŵĞĕĂƌŵŽƐ Ă ŶŽƐ ƉƌĞŽĐƵƉĂƌ ĐŽŵ Ă
ƚĞƌĐĞŝƌĂ ĚŝŵĞŶƐĆŽ͘

HĄ ĚƵĂƐ ƉŽƐŝĕƁĞƐ ƌĞůĂƟǀĂƐ Ă ĚŝƐĐƵƟƌŵŽƐ͗ ĞŶƚƌĞ ƉŽŶƚŽ Ğ ƌĞƚĂ Ğ ĞŶƚƌĞ ƉŽŶƚŽ Ğ ƉŽŶƚŽ͘ áŶĂůŝƐĞŵŽƐ
ĐĂĚĂ ƵŵĂ ĚĞůĂƐ͘

PŽŶƚŽ Ğ ƌĞƚĂ

A

B r

NĂĚĂ ŵĂŝƐ ĚŽ ƋƵĞ ũĄ ƐĂďĞŵŽƐ͘ NĂ ĮŐƵƌĂ ĂŽ ůĂĚŽ
ŽďƐĞƌǀĂŵŽƐ ƵŵĂ ƌĞƚĂ r Ğ ĚŽŝƐ ƉŽŶƚŽƐ͕A ĞB͘ CĂĚĂ
Ƶŵ ŽĐƵƉĂ ƵŵĂ ƉŽƐŝĕĆŽ ƌĞůĂƟǀĂ ĚŝĨĞƌĞŶƚĞ Ğŵ ƌĞůĂͲ
ĕĆŽ ă ƌĞƚĂ r͘ IƐƚŽ ƉŽƌƋƵĞ A ∈ r Ğ B ̸∈ r͘ EƐƐĂƐ
ƐĆŽ ĂƐ ĚƵĂƐ ƷŶŝĐĂƐ ƉŽƐŝĕƁĞƐ ƌĞůĂƟǀĂƐ ƉŽƐƐşǀĞŝƐ ĞŶͲ
ƚƌĞ ƉŽŶƚŽ Ğ ƌĞƚĂ͗ ŽƵ Ž ƉŽŶƚŽ ƉĞƌƚĞŶĐĞ ă ƌĞƚĂ ŽƵ ŶĆŽ ƉĞƌƚĞŶĐĞ͘ MƵŝƚĂƐ ǀĞǌĞƐ ůĞƌĞŵŽƐ ƋƵĞA ĞƐƚĄ ƐŽďƌĞ
Ă ƌĞƚĂϯ͕ ĞŶƋƵĂŶƚŽ B ŶĆŽ͘

RĞƚĂ Ğ ƌĞƚĂ

áƋƵŝ ƉƌĞĐŝƐĂŵŽƐ ĮĐĂƌ ůŝŐĂĚŽƐ͘ HĄ ƚƌġƐ ŝŵƉŽƌƚĂŶƚĞƐ ƉŽƐŝĕƁĞƐ ƌĞůĂͲ
ƟǀĂƐ ĂƋƵŝ͕ ĐŽďƌĂĚĂƐ ĐŽŵ ĞǆƚƌĞŵĂ ĨƌĞƋƵġŶĐŝĂ ĞŵƋƵĞƐƚƁĞƐ͘ PƌĞĐŝͲ
ƐĂŵŽƐ ƚŽŵĂƌ ďĂƐƚĂŶƚĞ ĐƵŝĚĂĚŽ ĂŽ ƚĞŶƚĂƌŵŽƐ ĞŶƚĞŶĚĞƌ ĞƐƐĞƐ ĐŽŶͲ
ĐĞŝƚŽƐ͘ VĂŵŽƐ ůĄ͊

HĄ ƚƌġƐ ĐůĂƐƐŝĮĐĂĕƁĞƐ ŝŵƉŽƌƚĂŶƚĞƐ ƋƵĞ ĚĞǀĞŵŽƐ ĚĂƌ Ă ĚƵĂƐ ƌĞƚĂƐ Ğŵ ƉŽƐŝĕƁĞƐ ƌĞůĂƟǀĂƐ͗ ƚƌĂŶƐǀĞƌͲ
ƐĂŝƐ͕ ƉĂƌĂůĞůĂƐ Ğ ĐŽŝŶĐŝĚĞŶƚĞƐϰ͘

A
r

s

• RĞƚĂƐ ƚƌĂŶƐǀĞƌƐĂŝƐϱ͗ SĆŽ ƌĞƚĂƐ ƋƵĞ ƚġŵ ĞǆĂƚĂͲ
ŵĞŶƚĞ Ƶŵ ƉŽŶƚŽ Ğŵ ĐŽŵƵŵ͕ ŽƵ ƐĞũĂ͕ ŝŶƚĞƌƐĞĐƚĂŵͲ
ƐĞ ĂƉĞŶĂƐ ƵŵĂƐ ǀĞǌ ;ĐŽŵŽ ŝůƵƐƚƌĂ Ă ĮŐƵƌĂ ĂŽ
ůĂĚŽͿ͘ VĞũĂ ƋƵĞ Ž ƉŽŶƚŽ A Ġ ĐŽŵƵŵ ;ĞƐƚĄ ĂŽ
ŵĞƐŵŽ ƚĞŵƉŽͿ ƚĂŶƚŽ ŶĂ ƌĞƚĂ r ƋƵĂŶƚŽ ŶĂ ƌĞƚĂ s͘
LĞŵďƌĂŶĚŽͲŶŽƐ ĚĞ ƋƵĞ r Ğ s ƐĆŽ ĐŽŶũƵŶƚŽƐ ĚĞ ƉŽŶͲ
ƚŽƐ͕ ƉŽĚĞŵŽƐ ĚŝǌĞƌ ƋƵĞ r ∩ s = A ;Ă ŝŶƚĞƌƐĞĕĆŽ
ĞŶƚƌĞ ŽƐ ĐŽŶũƵŶƚŽƐ r Ğ s Ġ Ž ƉŽŶƚŽAͿ͘

ϯEǆƉƌĞƐƐĆŽ ŵƵŝƚŽ ƵƟůŝǌĂĚĂ Ğŵ ƋƵĞƐƚƁĞƐ͘
ϰáůŐƵŵĂƐ ďŝďůŝŽŐƌĂĮĂƐ ĨĂŵŽƐĂƐ ŶĞŐĂŵ Ă ĞǆŝƐƚġŶĐŝĂ ĚĞ ƌĞƚĂƐ ĐŽŝŶĐŝĚĞŶƚĞƐ͖ ĂƐ ďĂŶĐĂƐ ŵŝůŝƚĂƌĞƐ ĂƋƵŝ ĞƐƚƵĚĂĚĂƐ͕ ƉŽƌĠŵ͕ ĐŽŶƐŝĚĞƌĂŵ ĞƐƐĂ ĚĞĮŶŝĕĆŽ ĞǆŝƐƚĞŶƚĞ͘
ϱTĂŵďĠŵ ƵƟůŝǌĂƌĞŵŽƐ ŵƵŝƚĂƐ ǀĞǌĞƐ Ž ƚĞƌŵŽ ƌĞƚĂƐ ĐŽŶĐŽƌƌĞŶƚĞƐ
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r

s

• RĞƚĂƐ ƉĂƌĂůĞůĂƐ͗ VĂŵŽƐ ĚĞŝǆĂƌ ĐůĂƌĂ ƵŵĂ
ĐŽŝƐĂ͗ Ă ĚĞĮŶŝĕĆŽ ƋƵĞ ǀŽƵ ƉĂƐƐĂƌ ƉĂƌĂ ǀŽĐġƐ ĂƋƵŝ
ƐŽŵĞŶƚĞ Ġ ǀĄůŝĚĂ ƉĂƌĂ Ă ŐĞŽŵĞƚƌŝĂ ƉůĂŶĂ͘ NŽ ĞƐͲ
ƉĂĕŽ Ă ĚĞĮŶŝĕĆŽ Ă ƐĞŐƵŝƌ ŶĆŽ Ġ ƐƵĮĐŝĞŶƚĞ ƉĂƌĂ ƋƵĞ
ĚƵĂƐ ƌĞƚĂƐ ƐĞũĂŵ ƉĂƌĂůĞůĂƐ͘ SĂďĞŶĚŽ ĚŝƐƐŽ͕ ǀĂŵŽƐ
ă ĚĞĮŶŝĕĆŽ͗ ĚƵĂƐ ƌĞƚĂƐ ;ŶƵŵ ŵĞƐŵŽ ƉůĂŶŽͿ ƐĞƌĆŽ
ĚŝƚĂƐ ƉĂƌĂůĞůĂƐ ƋƵĂŶĚŽ ŶĆŽ ƟǀĞƌĞŵ ƉŽŶƚŽƐ Ğŵ ĐŽͲ

ŵƵŵ͕ ŝƐƚŽ Ġ͕ ƋƵĂŶĚŽ ŶĆŽ ƐĞ ŝŶƚĞƌƐĞĐƚĂƌĞŵ͘ DŝǌĞŵŽƐ ĞŶƚĆŽ ƋƵĞ ĂƐ ƌĞƚĂƐ r Ğ s ƐĆŽ ĚŝƐũƵŶƚĂƐϲ͕ ŝƐƚŽ Ġ͕
ƋƵĞ r ∩ s = ∅ ;ŝŶƚĞƌƐĞĕĆŽ ǀĂǌŝĂ͕ ŶĆŽ ŚĄ ĞůĞŵĞŶƚŽƐ ĐŽŵƵŶƐͿ͘ PĂƌĂ Ă ƌĞƉƌĞƐĞŶƚĂĕĆŽ ĚĞ ƌĞƚĂƐ ƉĂƌĂůĞůĂƐ
ƵƟůŝǌĂͲƐĞ Ă ŶŽƚĂĕĆŽ͗ r//s͘

• RĞƚĂƐ ĐŽŝŶĐŝĚĞŶƚĞƐ͗ SĆŽ ƌĞƚĂƐ ƋƵĞ ƉŽƐƐƵĞŵ
ŵĂŝƐ ĚĞ ƵŵƉŽŶƚŽ Ğŵ ĐŽŵƵŵ͘ NĂ ƉƌĄƟĐĂ͕ ƋƵĂŶĚŽ
ĚƵĂƐ ƌĞƚĂƐ ƚġŵ ŵĂŝƐ ĚĞ Ƶŵ ƉŽŶƚŽ Ğŵ ĐŽŵƵŵ͕
ƐŝŐŶŝĮĐĂ ƋƵĞ ƐĆŽ ŶĂ ǀĞƌĚĂĚĞ ƌĞƉƌĞƐĞŶƚĂĕƁĞƐ ĚĂ
ŵĞƐŵĂ ƌĞƚĂ͘ VĞũĂ ŶĂ ĮŐƵƌĂ ĂďĂŝǆŽ͗

r ≡ s

áƐ ͞ĚƵĂƐ͟ ƌĞƚĂƐ ƌĞƉƌĞƐĞŶƚĂĚĂƐ ŶĂ ĮŐƵƌĂ ͞ĞƐƚĆŽ
ƵŵĂ ƐŽďƌĞ Ă ŽƵƚƌĂ͕͟ ĨĂǌĞŶĚŽ ĐŽŵ ƋƵĞ ƐĞũĂŵ ŶĂ
ǀĞƌĚĂĚĞ Ă ƌĞƉƌĞƐĞŶƚĂĕĆŽ ĚĂ ŵĞƐŵĂ ƌĞƚĂ͘ SĆŽ ƌĞͲ
ƉƌĞƐĞŶƚĂĚĂƐ ƉŽƌ͗ r ≡ s͘

• RĞƚĂƐ ƉĞƌƉĞŶĚŝĐƵůĂƌĞƐ͗ SĆŽ ƟƉŽƐ ĞƐƉĞĐŝĂŝƐ
ĚĞ ƌĞƚĂƐ ƚƌĂŶƐǀĞƌƐĂŝƐ͘ DŝǌĞŵŽƐ ƋƵĞ ĚƵĂƐ ƌĞƚĂƐ
ƐĆŽ ƉĞƌƉĞŶĚŝĐƵůĂƌĞƐ ƋƵĂŶĚŽ ŝŶƚĞƌƐĞĐƚĂŵͲƐĞ ĨŽƌͲ
ŵĂŶĚŽ Ƶŵ ąŶŐƵůŽ ƌĞƚŽϳ͘ á ŶŽĕĆŽ ĚĞ ƉĞƌƉĞŶĚŝĐƵͲ
ůĂƌŝƐŵŽ ĮŐƵƌĂ ĚĞŶƚƌĞ ĂƐŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞƐ ĚĞ ƚŽĚĂ
Ă ŐĞŽŵĞƚƌŝĂ͘

VĞũĂ Ă ƐĞŐƵŝƌ Ƶŵ ƉĂƌ ĚĞ ƌĞƚĂƐ ƉĞƌƉĞŶĚŝĐƵůĂƌĞƐ͗

ϲTĞƌŵŽ ƵƟůŝǌĂĚŽ ŶŽ ĞƐƚƵĚŽƐ ĚĞ ĐŽŶũƵŶƚŽƐ ƋƵĂŶĚŽ ŶŽƐ ƌĞĨĞƌŝŵŽƐ Ă ĐŽŶũƵŶƚŽƐ ƋƵĞ ŶĆŽ ƚĞŶŚĂŵ ŝŶƚĞƌƐĞĕĆŽ ĞŶƚƌĞ Ɛŝ͘
ϳĂ ŶŽĕĆŽ ĚĞ ąŶŐƵůŽ ƐĞƌĄ ĞǆƉůŝĐĂĚĂ ŶĂ ƉƌſǆŝŵĂ ƐĞĕĆŽ
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Ϯ͘Ϭ ÂÄ¦ç½ÊÝ

Ϯ͘ϭ C�Ù��ã�Ù°Ýã®��Ý ��Ý®��Ý

CŽŵĞĕĂƌĞŵŽƐ ĞŶƚĆŽ Ž ŶŽƐƐŽ ĞƐƚƵĚŽ ƐŽďƌĞ ąŶŐƵůŽƐ͘ ÂŶŐƵůŽƐ ƐĆŽ ŶŽƐƐŽƐ ƐĞŐƵŶĚŽƐ ĞůĞŵĞŶƚŽƐ Ă
ƐĞƌĞŵ ŵĞĚŝĚŽƐ͕ ǀŝƐƚŽ ƋƵĞ ũĄ ĂƉƌĞŶĚĞŵŽƐ ƋƵĞ ƐĞŐŵĞŶƚŽƐ ĚĞ ƌĞƚĂ ƚĂŵďĠŵ ƚġŵ ŵĞĚŝĚĂ ;ĚĞ ĐŽŵƉƌŝͲ
ŵĞŶƚŽͿ͘ MƵŝƚĂ ĂƚĞŶĕĆŽ ĚĞǀĞ ƐĞƌ ĚĂĚĂ Ă ĞƐƐĞ ƚſƉŝĐŽ͕ ąŶŐƵůŽƐ ƐĆŽ Ă ŶŽƐƐĂ ĞŶƚƌĂĚĂ ƉĂƌĂ Ă ƉĂƌƚĞ ŵĠƚƌŝĐĂ
ĚĞ ŶŽƐƐŽƐ ƉƌŽďůĞŵĂƐ͘

DĞĮŶŝĕĆŽ Ğ ŶŽƚĂĕƁĞƐ

Uŵ ąŶŐƵůŽ ŶĂĚĂ ŵĂŝƐ Ġ ƋƵĞ Ă ĮŐƵƌĂ ĨŽƌŵĂĚĂ ƉĞůĂ ƵŶŝĆŽ ĚĞ ĚƵĂƐ ƐĞŵŝƌƌĞƚĂƐ ;ĐŚĂŵĂĚĂƐ ĚĞ ůĂĚŽƐͿ ĚĞ
ŵĞƐŵĂƐ ŽƌŝŐĞŶƐ͘

VĞũĂ ĂďĂŝǆŽ Ž ĞǆĞŵƉůŽ ĚĞ Ƶŵ ąŶŐƵůŽ͗

r

s

A

O

B

α

NĂ ĮŐƵƌĂ͕ ǀĞŵŽƐ ĚƵĂƐ ƐĞŵŝƌƌĞƚĂƐ͕ ƌĞƉƌĞƐĞŶƚĂĚĂƐ ƉŽƌ r Ğ s͘ NĆŽ
ĂƉĞŶĂƐ Ă ĂďĞƌƚƵƌĂ ĞŶƚƌĞ ĂƐ ƌĞƚĂƐ ŵĂƐ Ɛŝŵ Ă ĮŐƵƌĂ ƚŽĚĂ Ġ ĐŽŶƐŝĚĞͲ
ƌĂĚĂ Ž ąŶŐƵůŽ ĚĞ ĨĂƚŽ͘ VĞũĂ ƋƵĞ ĂŵďĂƐ ƚġŵ Ă ŵĞƐŵĂ ŽƌŝŐĞŵ ;Ž
ƉŽŶƚŽOͿ͘ NƵŵ ąŶŐƵůŽ͕ Ă ŽƌŝŐĞŵ ĐŽŵƵŵ ăƐ ƐĞŵŝƌƌĞƚĂƐ Ġ ĐŚĂŵĂĚĂ
ĚĞ ǀĠƌƟĐĞ ĚŽ ąŶŐƵůŽ͘ DĞ ŵŽĚŽ ŵĂŝƐ ƐŝŵƉůĞƐ͗ ǀĠƌƟĐĞ Ġ Ž ͞ďŝĐŽ͟ ĚŽ
ąŶŐƵůŽ͘ NŽ ŶŽƐƐŽ ĞǆĞŵƉůŽ Ž ąŶŐƵůŽ ƚĞŵ ǀĠƌƟĐĞ O͘ HĄ ĚŝǀĞƌƐĂƐ
ŶŽƚĂĕƁĞƐ ĂŶŐƵůĂƌĞƐ͕ Ğ ĂƐ ƉƌŽǀĂƐ ĐŽƐƚƵŵĂŵ ƐĞƌ ďĂƐƚĂŶƚĞ ĚŝǀĞƌƐĂƐ

ŶĞƐƐĞ ƉŽŶƚŽ͘ CŝƚŽ ĂƋƵŝ ĂƐ ƉƌŝŶĐŝƉĂŝƐ ŵĂŶĞŝƌĂƐ ĚĞ ŶŽƚĂƌŵŽƐ Ƶŵ ąŶŐƵůŽ ;ƵƟůŝǌĂƌĞŝ Ă ĮŐƵƌĂ ĂŶƚĞƌŝŽƌ ƉĂƌĂ
ŽƐ ĞǆĞŵƉůŽƐͿ͗

ͻ Ô͗ NŽƚĂĕĆŽ ƋƵĞ ĨŽĐĂ ŶŽ ǀĠƌƟĐĞ ĚŽ ąŶŐƵůŽ͘ CĂƐŽ ŚĂũĂ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐϭ ŶŽ ŵĞƐŵŽ ǀĠƌƟĐĞ͕
ĞƐƐĂ ŶŽƚĂĕĆŽ ŶĆŽ Ġ Ă ŵĞůŚŽƌ͕ ƉŽŝƐ ƚƌĂǌ ĂŵďŝŐƵŝĚĂĚĞ͘ VĞũĂ Ƶŵ ĞǆĞŵƉůŽ ĚĞƐƐĂ ĂŵďŝŐƵŝĚĂĚĞ͗

r

s

O

t

ϭDĞĮŶŝĚŽ ŵĂŝƐ ă ĨƌĞŶƚĞ͘
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SƵƉŽŶŚĂ ƋƵĞ ĞƵ ƉĞĕĂ ƋƵĞ ǀŽĐġ ŽůŚĞ ƉĂƌĂ Ž ąŶŐƵůŽ Ô ŶĂ ĮŐƵƌĂ ĂŶƚĞƌŝŽƌ͘ PĂƌĂ ƋƵĂů ąŶŐƵůŽ ƋƵĞ
ǀŽĐġ ŽůŚĂƌŝĂ͍ HĄ ƉŽƐƐŝďŝůŝĚĂĚĞƐ ŵƷůƟƉůĂƐ͕ ĐŽƌƌĞƚŽ͍ PŽƌƚĂŶƚŽ͕ ĞƐƐĂ ŶĆŽ Ġ Ă ŵĞůŚŽƌ ŶŽƚĂĕĆŽ ƉĂƌĂ
Ž ĐĂƐŽ͘

ͻ ∠AOB͗ NŽƚĂĕĆŽ ƋƵĞ ĞŶĨĂƟǌĂ ĂƐ ƐĞŵŝƌƌĞƚĂƐ ĚŽ ąŶŐƵůŽ͘ NĆŽ ŐĞƌĂ ŶĞŶŚƵŵ ƟƉŽ ĚĞ ĂŵďŝŐƵŝĚĂĚĞ͘

ͻ AÔB͗ NŽƚĂĕĆŽ ƋƵĂƐĞ ŝĚġŶƟĐĂ ă ĂŶƚĞƌŝŽƌ͕ ŵƵĚĂ ĂƉĞŶĂƐ ƉĞůĂ ĨŽƌŵĂ ĚĞ ĞƐĐƌŝƚĂ͘

ͻ MƵŝƚĂƐ ǀĞǌĞƐ Ž ąŶŐƵůŽ ƚĞƌĄ Ƶŵ ŶŽŵĞ ũĄ ĞƐĐƌŝƚŽ ŶĂ ĮŐƵƌĂ͘ Eŵ ŶŽƐƐŽ ĐĂƐŽ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ ƚƌĂƚĂͲƐĞ
ĚŽ ąŶŐƵůŽ α͘

MĞĚŝĚĂƐ ĂŶŐƵůĂƌĞƐ

E Ăş͕ ĐŽŵŽ ƐĞƌĄ ƋƵĞ ŵĞĚŝŵŽƐ Ƶŵ ąŶŐƵůŽ͍ HĄ ĚƵĂƐ ŵĂŶĞŝƌĂƐ ĚĞ ŵĞĚŝƌŵŽƐ͕ ĞƐƐĞŶĐŝĂůŵĞŶƚĞ͘ UŵĂ Ġ
ƵƟůŝǌĂŶĚŽ Ž ƌĂĚŝĂŶŽ͕ ƋƵĞ ŶĆŽ ǀĞƌĞŵŽƐ ĂƚĠ ĨĂůĂƌŵŽƐ ĚĞ ĂƌĐŽƐ͘ á ŽƵƚƌĂ͕ ƋƵĞ ƵƟůŝǌĂƌĞŵŽƐ ĂŐŽƌĂ͕ Ġ Ž
ŐƌĂƵ͘ MĂƐ ĞŶƚĆŽ͕ Ž ƋƵĞ ǀĞŵ Ă ƐĞƌ Ƶŵ ŐƌĂƵ͍ VĂŵŽƐ ĂŽ ĞŶƚĞŶĚŝŵĞŶƚŽ͘

DŝǀŝĚĂ Ă ďŽƌĚĂ ĚĞ Ƶŵ ĐşƌĐƵůŽϮ Ğŵ 360 ƉĂƌƚĞƐ͕ ĐŽŵŽ
ŝůƵƐƚƌĂ Ă ĮŐƵƌĂ ĂŽ ůĂĚŽ͘ áŐŽƌĂ ĐŽŶƐŝĚĞƌĞ ĚƵĂƐ ƐĞŵŝƌƌĞƚĂƐ
ƉĂƌƟŶĚŽ ĚŽ ƐĞƵ ĐĞŶƚƌŽ͘ á ŵĞĚŝĚĂ ĚŽ ąŶŐƵůŽ ĨŽƌŵĂĚŽ
ƐĞƌĄ Ă ƋƵĂŶƟĚĂĚĞ ĚĞ ĚŝǀŝƐƁĞƐ ĞŶƚƌĞ ĂƐ ĚƵĂƐ ƐĞŵŝƌƌĞƚĂƐ͘
NŽ ŶŽƐƐŽ ĞǆĞŵƉůŽ ĂŽ ůĂĚŽ ŚĄ 60 ĚŝǀŝƐƁĞƐ ĞŶƚƌĞ ƵŵĂ ƐĞͲ
ŵŝƌƌĞƚĂ Ğ Ă ŽƵƚƌĂ͘ DŝǌĞŵŽƐ ĞŶƚĆŽ ƋƵĞ ƚƌĂƚĂͲƐĞ ĚĞ Ƶŵ
ąŶŐƵůŽ ĚĞ 60 ŐƌĂƵƐ ;ĞƐĐƌĞǀĞͲƐĞ 60◦Ϳ͘ Uŵ ŐƌĂƵ͕ ĞŶƚĆŽ͕
Ġ Ă ŵĞŶŽƌ ĚŝǀŝƐĆŽ ĨĞŝƚĂ ĚĞŶƚƌĞ ĂƐ 360 ĚŝǀŝƐƁĞƐ͘ Uŵ ąŶͲ
ŐƵůŽ ĚĞ 45◦ Ġ ĞŶƚĆŽ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ Ƶŵ ąŶŐƵůŽ Ğŵ ƋƵĞ
ĐŽƵďĞƌĂŵ 45 ĚŝǀŝƐƁĞƐ ĚĞ Ƶŵ ŐƌĂƵ͘ EƐƐĂ Ġ Ă ĨŽƌŵĂ ŵĂŝƐ
ƌĞĐŽƌƌĞŶƚĞ ƉĂƌĂ Ă ŵĞĚŝĚĂ ĚĞ Ƶŵ ąŶŐƵůŽ͘

r

s

1
◦

VĞŵŽƐ ĂŽ ůĂĚŽ Ă ƌĞƉƌĞƐĞŶƚĂĕĆŽ ĚĞ Ƶŵ ąŶŐƵůŽ ĚĞ
1◦͘ SĞ ĐŽŶƐƚƌƵşƐƐĞŵŽƐ ƐƵĐĞƐƐŝǀĂŵĞŶƚĞ͕ Ă ƉĂƌƟƌ ĚĞ
ĐĂĚĂ ůĂĚŽ ĚŽƐ ąŶŐƵůŽƐ͕ Ƶŵ ąŶŐƵůŽ ĚĞ 1◦͕ ƉƌĞĐŝƐĂƌşĂŵŽƐ
ĚĞ 360 ĐŽŶƐƚƌƵĕƁĞƐ ƉĂƌĂ ĐŽďƌŝƌ ƚŽĚŽ Ž ĐşƌĐƵůŽ͘ DĞƐƐĂ
ĨŽƌŵĂ͕ ƚŽĚŽ Ğ ƋƵĂůƋƵĞƌ ąŶŐƵůŽ ƉŽĚĞ ƐĞƌ ŵĞĚŝĚŽ Ă ƉĂƌƚĞ
ĚĞ ƵŵĂ ĐŽŵƉĂƌĂĕĆŽ ĚĞ ͞ƋƵĂŶƚŽƐ ąŶŐƵůŽƐ ĚĞ 1◦ ĐĂďĞŵ
Ğŵ ƐĞƵ ŝŶƚĞƌŝŽƌ͕ ƉĂƌƟŶĚŽ ĚŽ ŵĞƐŵŽ ǀĠƌƟĐĞ͘͟ VĞƌĞŵŽƐ
Ă ƐĞŐƵŝƌ ĂůŐƵŶƐ ąŶŐƵůŽƐ ĞƐƉĞĐŝĂŝƐ ƋƵĞ ŵĞƌĞĐĞŵ ĚĞƐƚĂͲ
ƋƵĞ͘

ϮCşƌĐƵůŽƐ ƐĆŽ ĮŐƵƌĂƐ ŝŵƉŽƌƚĂŶơƐƐŝŵĂƐ ƋƵĞ ƐĞƌĆŽ ĞƐƚƵĚĂĚĂƐ ŶĂƐ ĂƵůĂƐ ƐĞŐƵŝŶƚĞƐ͘
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∠AOB ∠BOC
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NĂ ĮŐƵƌĂ͕ ŚĄ ƚƌġƐ ąŶŐƵůŽƐ͗ Ƶŵ ĂǌƵů ;ƋƵĞ
ƐĞƌŝĂ Ž ąŶŐƵůŽ α ŽƵ ∠AOBͿ͕ Ƶŵ ǀĞƌŵĞůŚŽ
;ƋƵĞ ƐĞƌŝĂ Ž ąŶŐƵůŽβ ŽƵ∠BODͿ Ğ Ƶŵ ǀĞƌĚĞ
;ƋƵĞ ƐĞƌŝĂ Ž ąŶŐƵůŽ γ ŽƵ ∠AODͿ͘ áŶƚĞƐ ĚĞ
ĚĞƐƚĂĐĄͲůŽƐ Ğ ƐĞƉĂƌĄͲůŽƐ͕ ĞƐƚĂǀĂŵ ƚŽĚŽƐ Ğŵ
ƵŵĂŵĞƐŵĂ ĮŐƵƌĂ͘ DŝǌĞŵŽƐ ĞŶƚĆŽ ƋƵĞ Ž ąŶͲ
ŐƵůŽ ĂǌƵů Ġ ŝŶƚĞƌŝŽƌ ĂŽ ąŶŐƵůŽ ǀĞƌĚĞ͕ ĂƐƐŝŵ
ĐŽŵŽ Ž ąŶŐƵůŽ ǀĞƌŵĞůŚŽ ƚĂŵďĠŵ Ž Ġ͘ EůĞƐ
ƐĆŽ ŝŶƚĞƌŝŽƌĞƐ ĂŽ ǀĞƌĚĞ ƉŽƌƋƵĞ ƚġŵ ƉŽŶƚŽƐ
ŝŶƚĞƌŝŽƌĞƐ Ğŵ ĐŽŵƵŵ͘ PĞƌĐĞďĂ ƋƵĞ ŽŵĞƐŵŽ
ŶĆŽ ĂĐŽŶƚĞĐĞ ĞŶƚƌĞ ŽƐ ąŶŐƵůŽƐ ǀĞƌŵĞůŚŽ Ğ
ĂǌƵů͘ EƐƚĞƐ ąŶŐƵůŽƐ ŶĆŽ ƚġŵ ƉŽŶƚŽƐ ŝŶƚĞƌŝŽͲ
ƌĞƐ ĞŶƚƌĞ Ɛŝ Ğ ƉŽƌƚĂŶƚŽ ƐĆŽ ŽƐ ƷŶŝĐŽƐ ĂĚũĂĐĞŶͲ
ƚĞƐ ĚĂ ĮŐƵƌĂ͘

PĞƌŐƵŶƚĂ͕ ǀĂŵŽƐ ůĄ͗ ŽƐ ąŶŐƵůŽƐ ∠AOB Ğ
∠AOD ƐĆŽ ĐŽŶƐĞĐƵƟǀŽƐ͍ E ĂĚũĂĐĞŶƚĞƐ͍

EůĞƐ ƐĆŽ ĐŽŶƐĞĐƵƟǀŽƐ͕ ƉŽƌƋƵĞ ƚġŵ ŵĞƐͲ
ŵŽƐ ǀĠƌƟĐĞƐ Ğ ƚġŵ Ƶŵ ůĂĚŽ Ğŵ ĐŽŵƵŵ͕ ƉŽͲ
ƌĠŵ͕ ŶĆŽ ƐĆŽ ĂĚũĂĐĞŶƚĞƐ͕ ƉŽƌƋƵĞ ĂƉĞƐĂƌ ĚĞ
ĐŽŶƐĞĐƵƟǀŽƐ͕ ƚġŵ ƉŽŶƚŽƐ ŝŶƚĞƌŝŽƌĞƐ Ğŵ ĐŽͲ

ŵƵŵ͖ ŝƐƐŽ ĨĞƌĞ Ă ĚĞĮŶŝĕĆŽ͘ EŶƚĆŽ ĂƉĞƐĂƌ ĚĞ ĐŽŶƐĞĐƵƟǀŽƐ͕ ĂĐĂďĂŵ ŶĆŽ ƐĞŶĚŽ ĂĚũĂĐĞŶƚĞƐ͘

���;EEáRͲϮϬϬϮͿ QUESTÃO ϭ

É ĨĂůƐŽ ĂĮƌŵĂƌ͗

;ĂͿ SĞAÔB Ġ Ƶŵ ąŶŐƵůŽ ƌĂƐŽ͕ ĞŶƚĆŽ
#     ”

OA Ğ
#    ”

OB ƐĆŽ ƐĞŵŝƌƌĞƚĂƐ ŽƉŽƐƚĂƐ͘
;ďͿ SĞAÔB Ġ Ƶŵ ąŶŐƵůŽ ŶƵůŽ͕ ĞŶƚĆŽ

#     ”

OA Ğ
#    ”

OB ƐĆŽ ƐĞŵŝƌƌĞƚĂƐ ŽƉŽƐƚĂƐ͘
;ĐͿ DŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ͕ ĐƵũŽƐ ůĂĚŽƐ ŶĆŽ ĐŽŵƵŶƐ ƐĆŽ ƐĞŵŝƌƌĞƚĂƐ ŽƉŽƐƚĂƐ͕ ƐŽŵĂŵ 180◦͘
;ĚͿ DŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ ƐĆŽ ƐĞŵƉƌĞ ĐŽŶƐĞĐƵƟǀŽƐ͘
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TƌĂƚĂͲƐĞ ĚĞ ƵŵĂ ƋƵĞƐƚĆŽ Ğŵ ƋƵĞ ŝŶĞǀŝƚĂǀĞůŵĞŶƚĞ ƚĞƌĞŵŽƐ ĚĞ ĂŶĂůŝƐĂƌ ĂůƚĞƌŶĂƟǀĂ ƉŽƌ ĂůƚĞƌŶĂƟǀĂ͘
DĞŵŽƐ ƵŵĂ ŽůŚĂĚĂ ĞŶƚĆŽ͗

áůƚĞƌŶĂƟǀĂ ;ĂͿ͗ SĞAÔB Ġ Ƶŵ ąŶŐƵůŽ ƌĂƐŽ͕ ĞŶƚĆŽ
#     ”

OA Ğ
#    ”

OB ƐĆŽ ƐĞŵŝƌƌĞƚĂƐ ŽƉŽƐƚĂƐ͘

OA
B

áůƚĞƌŶĂƟǀĂ ǀĞƌĚĂĚĞŝƌĂ͘ VĞũĂ ƋƵĞ ŶĂ ĮŐƵƌĂ ĂŽ ůĂĚŽ AÔB

Ġ Ƶŵ ąŶŐƵůŽ ƌĂƐŽ͕ ƐĞŵŝƌƌĞƚĂƐ Ğŵ ŽƉŽƐŝĕĆŽ͘ CĂƐŽ ĂƐ ƐĞŵŝƌƌĞͲ
ƚĂƐ ŶĆŽ ƐĞũĂŵŽƉŽƐƚĂƐ͕ ŶĞĐĞƐƐĂƌŝĂŵĞŶƚĞ Ž ąŶŐƵůŽ ŶĆŽŵĞĚŝƌĄ
180◦͘

áůƚĞƌŶĂƟǀĂ ;ďͿ͗ SĞAÔB Ġ Ƶŵ ąŶŐƵůŽ ŶƵůŽ͕ ĞŶƚĆŽ
#     ”

OA Ğ
#    ”

OB ƐĆŽ ƐĞŵŝƌƌĞƚĂƐ ŽƉŽƐƚĂƐ͘
áůƚĞƌŶĂƟǀĂ ĨĂůƐĂ͘ áĐĂďĂŵŽƐ ĚĞ ĚŝƐĐƵƟƌ ŝƐƐŽ͘ SĞ ĂƐ ƐĞŵŝƌƌĞƚĂƐ ƋƵĞ ƉĂƌƚĞŵ ĚŽ ǀĠƌƟĐĞ ĚĞ Ƶŵ ąŶŐƵůŽ

ƐĆŽ ŽƉŽƐƚĂƐ͕ ĞŶƚĆŽ Ž ąŶŐƵůŽ Ġ ƌĂƐŽ͕ ŶĆŽ ŶƵůŽ͘ PĂƌĂ Ž ąŶŐƵůŽ ƐĞƌ ŶƵůŽ͕ Ġ ŶĞĐĞƐƐĄƌŝŽ ƋƵĞ ĂƐ ƐĞŵŝƌƌĞƚĂƐ
ƚĞŶŚĂŵ ƐĞŶƟĚŽƐ ŝŐƵĂŝƐ͕ ŶĆŽ ŽƉŽƐƚŽƐ͘

áůƚĞƌŶĂƟǀĂ ;ĐͿ͗ DŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ͕ ĐƵũŽƐ ůĂĚŽƐ ŶĆŽ ĐŽŵƵŶƐ ƐĆŽ ƐĞŵŝƌƌĞƚĂƐ ŽƉŽƐƚĂƐ͕ ƐŽŵĂŵ
180◦͘

OA B

C

α β

áůƚĞƌŶĂƟǀĂ ǀĞƌĚĂĚĞŝƌĂ͘ OďƐĞƌǀĞ ŽƐ ąŶŐƵůŽƐ ĚĂ ĮŐƵƌĂ ĂŽ
ůĂĚŽ͘ VĞũĂ ƋƵĞ ŽƐ ąŶŐƵůŽƐ ∠AOC Ğ ∠BOC ƐĆŽ ĂĚũĂĐĞŶƚĞƐ
;ƉŽŝƐ ƐĆŽ ĐŽŶƐĞĐƵƟǀŽƐ Ğ ŶĆŽ ƚġŵ ƉŽŶƚŽƐ ŝŶƚĞƌŝŽƌĞƐ Ğŵ ĐŽͲ
ŵƵŵͿ͘ VĞũĂ ƚĂŵďĠŵ ƋƵĞ ĂŵďŽƐ ƚġŵ ĂƐ ƐĞŵŝƌƌĞƚĂƐ ŶĆŽ ĐŽͲ
ŵƵŶƐ ŽƉŽƐƚĂƐ͕ ƋƵĞ ƐĞƌŝĂŵ ĂƐ ƐĞŵŝƌƌĞƚĂƐ

#     ”

OA Ğ
#    ”

OB͘ IƐƐŽ ŶŽƐ
Ěŝǌ ƋƵĞ ∠AOB Ġ Ƶŵ ąŶŐƵůŽ ƌĂƐŽ Ğ ƉŽƌƚĂŶƚŽ α+ β = 180◦͘

áůƚĞƌŶĂƟǀĂ ;ĚͿ͗ DŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ ƐĆŽ ƐĞŵƉƌĞ ĐŽŶƐĞĐƵƟǀŽƐ͘
Sŝŵ͕ ĨĂǌ ƉĂƌƚĞ ĚĂ ĚĞĮŶŝĕĆŽ ĚĞ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ͘ PĂƌĂ ƋƵĞ ĚŽŝƐ ąŶŐƵůŽƐ ƐĞũĂŵ ĂĚũĂĐĞŶƚĞƐ ĞůĞƐ

ƚġŵ ĚĞ ƐĞƌ ĐŽŶƐĞĐƵƟǀŽƐ ;Ğ ŶĆŽ ƚĞƌĞŵ ƉŽŶƚŽƐ ŝŶƚĞƌŝŽƌĞƐ Ğŵ ĐŽŵƵŵͿ͘ áůƚĞƌŶĂƟǀĂ ǀĞƌĚĂĚĞŝƌĂ͘

GĂďĂƌŝƚŽ͗ B

ÂŶŐƵůŽƐ ĐŽŵƉůĞŵĞŶƚĂƌĞƐ

GĂůĞƌĂ͕ ĂƋƵŝ ǀĂŝ ƵŵĂ ĐŽŶǀĞŶĕĆŽ ƋƵĞ ĨĂƌĞŵŽƐ ĚĞ ĂŐŽƌĂ Ğŵ ĚŝĂŶƚĞ͗ ƚŽĚĂƐ ĂƐ ǀĞǌĞƐ ƋƵĞ ĨŽƌĞŵ ƵƟůŝǌĂĚĂ
ĞǆƉƌĞƐƐƁĞƐ ĐŽŵŽ ƐŽŵĂƌ ŽƵ ƐƵďƚƌĂŝƌ ąŶŐƵůŽƐ͕ ĞƐƚĂƌĞŝ ŵĞ ƌĞĨĞƌŝŶĚŽ ăŵĞĚŝĚĂ ĚŽ ąŶŐƵůŽ͘ FĂĕŽ ŝƐƐŽ ƉƌĂ
ŶĆŽ ƚĞƌ ĚĞ ĨĂůĂƌŵĞĚŝĚĂ ƚŽĚĂƐ ĂƐ ǀĞǌĞƐ Ğŵ ƋƵĞ ĨŽƌ ŵĞ ƌĞĨĞƌŝƌ Ă ƵŵĂ ŽƉĞƌĂĕĆŽ͘

PŽŝƐ ďĞŵ͕ ă ĚĞĮŶŝĕĆŽ͗ ĚŽŝƐ ąŶŐƵůŽƐ ƐĞƌĆŽ ĚŝƚŽƐ ĐŽŵƉůĞŵĞŶƚĂƌĞƐ ƋƵĂŶĚŽ ƐŽŵĂƌĞŵ 90◦͕ ŝƐƚŽ Ġ͕
ƋƵĂŶĚŽ ĐŽŵƉůĞƚĂƌĞŵ Ƶŵ ąŶŐƵůŽ ƌĞƚŽ͘ OƐ ąŶŐƵůŽƐ ĚĞ 20◦ Ğ 70◦ ƐĆŽ ĞǆĞŵƉůŽƐ ĚĞ ąŶŐƵůŽƐ ĐŽŵƉůĞͲ
ŵĞŶƚĂƌĞƐ ;ƉŽŝƐ 20◦ + 70◦ = 90◦Ϳ͘

SĞũĂŵ ĂŐŽƌĂ α Ğ β ĚŽŝƐ ąŶŐƵůŽƐ ĐŽŵƉůĞŵĞŶƚĂƌĞƐ͘ EŶƚĆŽ α+ β = 90◦͕ Ğ ĚĂş β = 90◦ − α͘
IƐƐŽ ŶŽƐ Ěŝǌ ƋƵĞ͕ ƉĂƌĂ ĐĂůĐƵůĂƌŵŽƐ Ž ĐŽŵƉůĞŵĞŶƚŽ ĚĞ Ƶŵ ąŶŐƵůŽ α͕ ďĂƐƚĂ ĐĂůĐƵůĂƌŵŽƐ 90◦ − α͘
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A

B

C

α

90
◦
− α

O

VĞŵŽƐ ĂŽ ůĂĚŽ Ă ƌĞƉƌĞƐĞŶƚĂĕĆŽ ĚĞ ĚŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ ĐŽŵͲ
ƉůĞŵĞŶƚĂƌĞƐ͗ α Ğ 90◦ − α͘ IŵƉŽƌƚĂŶƚĞ ǀŽĐġ ŶŽƚĂƌ ƋƵĞ ƚƌĂƚĂͲƐĞ
ĚĞ ƵŵĂ ƌĞůĂĕĆŽ ƐŝŵĠƚƌŝĐĂ͗ ƉŽĚĞŵŽƐ ĚŝǌĞƌ ƋƵĞ ∠AOB Ġ Ž ĐŽŵͲ
ƉůĞŵĞŶƚŽ ĚĞ ∠BOC ĂƐƐŝŵ ĐŽŵŽ ƉŽĚĞŵŽƐ ĚŝǌĞƌ ƋƵĞ ∠BOC Ġ Ž
ĐŽŵƉůĞŵĞŶƚŽ ĚĞ ∠AOB͘ Eŵ ĂŵďŽƐ ŽƐ ĐĂƐŽƐ Ž ƋƵĞ ŝŵƉŽƌƚĂ ĚĞ
ĨĂƚŽ Ġ ƋƵĞ ∠AOB+∠BOC = 90◦͘

VĂůĞ ƚĂŵďĠŵĚŝǌĞƌ ƋƵĞ 45◦ ĠŽƷŶŝĐŽ ąŶŐƵůŽ ƋƵĞ Ġ ĐŽŵƉůĞŵĞŶƚŽ
ĚĞ Ɛŝ ŵĞƐŵŽ͘ CŽŶƐĞŐƵĞ ǀĞƌ Ž ƉŽƌƋƵġ͍

ÂŶŐƵůŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ

á ĚĞĮŶŝĕĆŽ Ġ ƋƵĂƐĞ ƋƵĞ Ă ŵĞƐŵĂ ĚĞ ąŶŐƵůŽƐ ĐŽŵƉůĞŵĞŶƚĂƌĞƐ͘ á ƷŶŝĐĂ ĚŝĨĞƌĞŶĕĂ Ġ ƋƵĞ ƉĂƌĂ ŽƐ ąŶŐƵͲ
ůŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ Ă ƐŽŵĂ ĚĞǀĞ ƐĞƌ ĚĞ 180◦͘ EŶƚĆŽ ĚŽŝƐ ąŶŐƵůŽƐ ƐĞƌĆŽ ĐŽŶƐŝĚĞƌĂĚŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ
ƋƵĂŶĚŽ Ă ƐŽŵĂ ĚŽƐ ĚŽŝƐ ƌĞƐƵůƚĂƌ Ğŵ Ƶŵ ąŶŐƵůŽ ƌĂƐŽ ;180◦Ϳ͘ CŽŵŽ ĞǆĞŵƉůŽ͕ ǀĂůĞ ƋƵĞ 120◦ Ğ 60◦ ƐĆŽ
ąŶŐƵůŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ͕ ǀŝƐƚŽ ƋƵĞ 120◦ + 60◦ = 180◦

OA
B

C

α180◦ − α

QƵĂŶĚŽ ĚŽŝƐ ąŶŐƵůŽƐ α Ğ β ƐĆŽ ƐƵƉůĞŵĞŶƚĂƌĞƐ͕ ǀĂůĞ ƋƵĞ
α+β = 180◦͕ ĐŽŵŽ ũĄ ƐĂďĞŵŽƐ͘ LŽŐŽβ = 180◦−α͘ IƐƐŽ ŶŽƐ
Ěŝǌ ƋƵĞ ƋƵĂŶĚŽ ƋƵŝƐĞƌŵŽƐ ĐĂůĐƵůĂƌ Ž ƐƵƉůĞŵĞŶƚŽ ĚĞ α ďĂƐͲ
ƚĂƌĄ ĐĂůĐƵůĂƌŵŽƐ 180◦ −α͘ áŽ ůĂĚŽ ǀĞŵŽƐ Ă ƐŝƚƵĂĕĆŽ ƉĂĚƌĆŽ
ĚĞ ĚŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ͘ CŽŵŽ ǀŝŵŽƐ Ğŵ
ĞǆĞƌĐşĐŝŽ ĂŶƚĞƌŝŽƌ͕ ĂƐ ƐĞŵŝƌƌĞƚĂƐ ŶĆŽ ĐŽŵƵŶƐ ƐĆŽ ŶĞĐĞƐƐĂƌŝĂͲ
ŵĞŶƚĞ ŽƉŽƐƚĂƐ ;

#     ”

OA Ğ
#    ”

OBͿ͘

���;EEáRͲϮϬϭϴͿ QUESTÃO Ϯ

O ĐŽŵƉůĞŵĞŶƚŽ ĚŽ ƐƵƉůĞŵĞŶƚŽ ĚŽ ąŶŐƵůŽ ĚĞ 112◦ ŵĞĚĞ

;ĂͿ 18◦

;ďͿ 28◦

;ĐͿ 12◦

;ĚͿ 22◦

ϭϳ
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CŽŵŽ ƋƵĞƌĞŵŽƐ ĐĂůĐƵůĂƌ Ž ĐŽŵƉůĞŵĞŶƚŽ ĚŽ ƐƵƉůĞŵĞŶƚŽ͕ Ž ŝĚĞĂů Ġ ƉƌŝŵĞŝƌŽ ĐĂůĐƵůĂƌŵŽƐ Ž ƐƵƉůĞͲ
ŵĞŶƚŽ͘ O ƐƵƉůĞŵĞŶƚŽ ĚĞ 112◦ Ġ 180◦−112◦ = 68◦͘ QƵĞƌĞŵŽƐ ĐĂůĐƵůĂƌ Ž ĐŽŵƉůĞŵĞŶƚŽ ĚĞƐƐĞ ąŶŐƵůŽ͘
LŽŐŽ͕ ďĂƐƚĂ ĐĂůĐƵůĂƌŵŽƐ 90◦ − 68◦ = 22◦͘

GĂďĂƌŝƚŽ͗ D

ÂŶŐƵůŽƐ ƌĞƉůĞŵĞŶƚĂƌĞƐ

SĆŽ ąŶŐƵůŽƐ ƋƵĞ ƐŽŵĂĚŽƐ ƌĞƐƵůƚĂŵ Ğŵ 360◦͕ ĐŽŵŽ Ž ƉĂƌ 270◦ Ğ 90◦͘ O ƌĞƉůĞŵĞŶƚŽ ĚĞ Ƶŵ ąŶŐƵůŽ α

Ġ 360◦ − α͕ ŝŶƚĞŝƌĂŵĞŶƚĞ ĂŶĄůŽŐŽ ĂŽ ƋƵĞ ĐŽŶĐůƵşŵŽƐ ĂŶƚĞƌŝŽƌŵĞŶƚĞ ƉĂƌĂ ąŶŐƵůŽƐ ĐŽŵƉůĞŵĞŶƚĂƌĞƐ
Ğ ƐƵƉůĞŵĞŶƚĂƌĞƐ͘ ÂŶŐƵůŽƐ ƌĞƉůĞŵĞŶƚĂƌĞƐ ĞŶƚĆŽ͕ ƋƵĂŶĚŽ ƐŽŵĂĚŽƐ͕ ƌĞƐƵůƚĂŵ Ğŵ Ƶŵ ąŶŐƵůŽ ĚĞ ƵŵĂ
ǀŽůƚĂ͘

ÂŶŐƵůŽƐ Ğŵ ƌĞƚĂƐ ƉĂƌĂůĞůĂƐ ĐŽƌƚĂĚĂƐ ƉŽƌ ƚƌĂŶƐǀĞƌƐĂů

ab

c
d

a
′b

′

c
′

d
′

t

r

s

áůŐƵŶƐ ąŶŐƵůŽƐ ŝŵƉŽƌƚĂŶơƐƐŝŵŽƐ ĂƉĂƌĞĐĞŵ
ƋƵĂŶĚŽ ĐŽƌƚĂŵŽƐ ĚƵĂƐ ƌĞƚĂƐ ƉĂƌĂůĞůĂƐ ĐŽŵ
ƵŵĂ ƌĞƚĂ ƚƌĂŶƐǀĞƌƐĂů͘ áŽ ůĂĚŽ͕ ǀĞŵŽƐ ŽŝƚŽ ąŶͲ
ŐƵůŽƐ ĞůĞŵĞŶƚĂƌĞƐ͗ a,b, c, d, a ′, b ′, c ′ Ğ d ′͘
CŽŵĞĕĂƌĞŝ ĂŐŽƌĂ Ă ĂƚƌŝďƵŝƌ ĂůŐƵŶƐ ŶŽŵĞƐ ƋƵĞ
ƐĞƌĆŽ ƵƟůŝǌĂĚŽƐ ŶŽ ĚĞĐŽƌƌĞƌ ĚĞ ƚŽĚĂƐ ĂƐ ŶŽƐͲ
ƐĂƐ ƉƌſǆŝŵĂƐ ĂƵůĂƐ͘ VĂŵŽƐ ĞŶƚĆŽ Ă ĞƐƐĞƐ ŶŽͲ
ŵĞƐ͗

ͻ ÂŶŐƵůŽƐ ĐŽůĂƚĞƌĂŝƐ ŝŶƚĞƌŶŽƐ͗ SĞƌŝĂŵ ŽƐ ąŶŐƵůŽƐ c Ğ d͕ ĂƐƐŝŵ ĐŽŵŽ ŽƐ ąŶŐƵůŽƐ a ′ Ğ b ′͘ áŵďŽƐ ŽƐ
ƉĂƌĞƐ ĐŝƚĂĚŽƐ ƐĆŽ ąŶŐƵůŽƐ ĐŽůĂƚĞƌĂŝƐ ŝŶƚĞƌŶŽƐ͘ DŝǌĞŵŽƐ ƋƵĞ ƐĆŽ ĐŽůĂƚĞƌĂŝƐ ƉŽƌƋƵĞ ƚġŵ Ƶŵ ůĂĚŽ
ĞŵĐŽŵƵŵ ;ĂƋƵĞůĞ ƐŽďƌĞ Ă ƌĞƚĂ tͿ͘ E ƐĆŽ ŝŶƚĞƌŶŽƐ ƉŽƌƋƵĞ ĞƐƚĆŽ ĚĞŶƚƌŽ ĚĂ ƌĞŐŝĆŽ ĚĞůŝŵŝƚĂĚĂ ƉĞůĂƐ
ƌĞƚĂƐ r Ğ s͘ SƵĂ ĐĂƌĂĐƚĞƌşƐƟĐĂ ƉƌŝŶĐŝƉĂů Ġ ƋƵĞ ƐĆŽ ƐĞŵƉƌĞ ƐƵƉůĞŵĞŶƚĂƌĞƐ͕ ŝƐƚŽ Ġ͗ c+ d = 180◦ Ğ
a ′ + b ′ = 180◦ ;ƉŽĚĞŶĚŽ ƐĞƌ ƉĞƌĐĞďŝĚŽ ƉŽƌ ĂŶĄůŝƐĞ ŝŵĞĚŝĂƚĂ ĚĂ ĮŐƵƌĂͿ͘

ͻ ÂŶŐƵůŽƐ ĐŽůĂƚĞƌĂŝƐ ĞǆƚĞƌŶŽƐ͗ SĞƌŝĂŵ ŽƐ ąŶŐƵůŽƐ a Ğ b͕ ĂƐƐŝŵ ĐŽŵŽ ŽƐ ąŶŐƵůŽƐ c ′ Ğ d ′͕ ĂŶĄůŽŐŽ ĂŽ
ĂŶƚĞƌŝŽƌ͘ NĞƐƐĞ ĐĂƐŽ ƐĆŽ ĞǆƚĞƌŶŽƐ ƉŽƌƋƵĞ ĞƐƚĆŽ ĨŽƌĂ ĚĂ ƌĞŐŝĆŽ ĚĞůŝŵŝƚĂĚĂ ƉĞůĂƐ ƌĞƚĂƐ r Ğ s͘ SƵĂ
ĐĂƌĂĐƚĞƌşƐƟĐĂ ƉƌŝŶĐŝƉĂů Ġ ƋƵĞ ƐĆŽ ƐĞŵƉƌĞ ƐƵƉůĞŵĞŶƚĂƌĞƐ͕ ŝƐƚŽ Ġ͗ a+ b = 180◦ Ğ c ′ + d ′ = 180◦͘

ͻ ÂŶŐƵůŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ͗ HĄ ƋƵĂƚƌŽ ƉĂƌĞƐ ĚĞ ąŶŐƵůŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ ŶĂ ĮŐƵƌĂ͗ a Ğ a ′͕ b Ğ b ′͕
c Ğ c ′͕ d Ğ d ′͘ SƵĂ ĐĂƌĂĐƚĞƌşƐƟĐĂ ƉƌŝŶĐŝƉĂůϰ Ġ ƋƵĞ ƚĂŝƐ ƉĂƌĞƐ ƚġŵ ŵĞƐŵĂƐ ŵĞĚŝĚĂƐ ĂŶŐƵůĂƌĞƐ͕ ŝƐƚŽ
Ġ͗ a = a ′͕ b = b ′͕ c = c ′ Ğ d = d ′͘

ϰTƌĂƚĂͲƐĞ ĚĞ Ƶŵ ĨĂƚŽ ĂǆŝŽŵĄƟĐŽ͕ ŝƐƚŽ Ġ͕ ŶĆŽ ƐĞ ĚĞŵŽŶƐƚƌĂ͘ É Ƶŵ ĨĂƚŽ ƋƵĞ Ġ ƐŝŵƉůĞƐŵĞŶƚĞ ĂĐĞŝƚŽ͕ ƐĞŵ Ă ŶĞĐĞƐƐŝĚĂĚĞ ĚĞ ũƵƐƟĮĐĂƟǀĂƐ͘

ϭϴ
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a

c b d a ′ c ′ b ′ d ′

a c

a b a+b = 180◦ a = 180◦−b

b c b + c = 180◦

c = 180◦ − b a = c 180◦ − b

c a ′ d b ′

c a ′ c c ′

c = c ′ c ′ a ′ c ′ = a ′ c = a ′

a c ′ b d ′
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α

α

r

r

α

90◦

90◦

90◦
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���;EEáRͲϮϬϬϬͿ QUESTÃO ϯ

NĂ ĮŐƵƌĂ BA ∥ EF͘ á ŵĞĚŝĚĂ ĚĞ X Ġ͗

;ĂͿ 105◦

;ďͿ 106◦

;ĐͿ 107◦

;ĚͿ 108◦

R͗ OďƐĞƌǀĞ Ă ŝůƵƐƚƌĂĕĆŽ ĂďĂŝǆŽ͘
r s

42◦

52◦

α

β

γ

θ

DĂ ĮŐƵƌĂ ƋƵĞ ŶŽƐ ĨŽŝ ĂƉƌĞƐĞŶƚĂĚĂ͕ ƚƌĂĕĂŵŽƐ ĚƵĂƐ ƌĞƚĂƐ ƉĂƌĂůĞůĂƐ Ă AB Ğ EF͕ ƋƵĞ ƐĞƌŝĂŵ ĂƐ ƋƵĞ
ƌĞƉƌĞƐĞŶƚĞŝ ĐŽŵŽ r Ğ s͘ EƐƐĂƐ ĚƵĂƐ ƌĞƚĂƐ ͞ƋƵĞďƌĂƌĂŵ͟ Ž ąŶŐƵůŽ ĚĞ 96◦ Ğŵ ĚŽŝƐ ƉĞĚĂĕŽƐ ;α Ğ βͿ͕ Ğ Ž

Ϯϭ
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ąŶŐƵůŽ X Ğŵ ĚŽŝƐ ƉĞĚĂĕŽƐ ƚĂŵďĠŵ ;γ Ğ θͿ͘ PĞƌĐĞďĂ ƋƵĞ α Ğ 42◦ ƐĆŽ ĂůƚĞƌŶŽƐ ŝŶƚĞƌŶŽƐ͕ Ğ ƉŽƌƚĂŶƚŽ
α = 42◦͘ MĂƐ ĐŽŵŽ α+ β = 96◦͕ ƚĞŵŽƐ 42◦ + β = 96◦ Ğ ƉŽƌƚĂŶƚŽ β = 96◦ − 42◦ = 54◦͘ áƚĠ Ăş͕
ƚƵĚŽ ďĞůĞǌĂ͍
VĞũĂ ƚĂŵďĠŵ ƋƵĞ β Ġ ĂůƚĞƌŶŽ ŝŶƚĞƌŶŽ ĐŽŵ γ͕ Ğ ƉŽƌƚĂŶƚŽ͕ β = γ͘ LŽŐŽ γ = 54◦͘ MĂƐ ǀĞũĂ ƚĂŵďĠŵ
ƋƵĞ θ Ğ 52◦ ƚĂŵďĠŵ ƐĆŽ ĂůƚĞƌŶŽƐ ŝŶƚĞƌŶŽƐ͊ PŽƌƚĂŶƚŽ θ = 52◦ Ğ ĚĂş Ž ąŶŐƵůŽ ƉĞĚŝĚŽ͕ X͕ ǀĂůĞ͗
X = γ+ θ = 54◦ + 52◦ = 106◦͘
áƋƵŝ ǀĂŝ͕ ƉŽƌĠŵ͕ ƵŵĂ ĨŽƌŵĂ ŵĂŝƐ ƐŝŵƉůĞƐ ĚĞ ƌĞƐŽůǀĞƌŵŽƐ͘ RĞƐŽůǀĞƌĞŵŽƐ ƉŽƌ ŵĞŝŽ ĚĞ Ƶŵ ƚĞŽƌĞŵĂ
ĐŽŶŚĞĐŝĚŽ ĐŽŵŽ ƚĞŽƌĞŵĂ ĚŽ ďŝĐŽ͘ VĂŵŽƐ ĞŶƚĞŶĚġͲůŽ͘ OďƐĞƌǀĞ Ă ĮŐƵƌĂ ŝŶŝĐŝĂů ĚŽ ƉƌŽďůĞŵĂ͗

42
◦

52
◦

96
◦

X

EƐƐĞ ƚĞŽƌĞŵĂ Ɛſ ĨƵŶĐŝŽŶĂ ƋƵĂŶĚŽ ĂƐ ƌĞƚĂƐ ůĂƚĞƌĂŝƐ ƋƵĞ ĚĞůŝŵŝƚĂŵ Ă ƐƵĂ ĮŐƵƌĂ ƐĆŽ ƉĂƌĂůĞůĂƐ͘ NĞƐƐĞ
ĐĂƐŽ͕ Ž ƉƌŽďůĞŵĂ ĚĞ ĨĂƚŽ ĂĮƌŵŽƵ ƐĞƌĞŵ ƉĂƌĂůĞůĂƐ͘ EŶƚĆŽ ƉŽĚĞŵŽƐ ƵƐĂƌ Ž ƚĞŽƌĞŵĂ ĚŽ ďŝĐŽ͘ O
ƚĞŽƌĞŵĂ ĚŽ ďŝĐŽ Ěŝǌ ƋƵĞ ƐĞ ƵŵĂ ƉŽůŝŐŽŶĂůϲ ĨŽƌ ĚĞƐĞŶŚĂĚĂ ĐŽŵ ĞǆƚƌĞŵŝĚĂĚĞƐ ƐŽďƌĞ ĚƵĂƐ ƌĞƚĂƐ
ƉĂƌĂůĞůĂƐ͕ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ƋƵĞ ŽůŚĂŵ ƉĂƌĂ Ƶŵ ůĂĚŽ ƐĞƌĄ ŝŐƵĂů ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ƋƵĞ ŽůŚĂŵ
ƉĂƌĂ Ž ŽƵƚƌŽ͘ Eŵ ŶŽƐƐĂ ƋƵĞƐƚĆŽ͕ ĞŶƚĆŽ͕ ƉŽĚĞŵŽƐ ǀĞƌ ƋƵĞ ŽƐ ąŶŐƵůŽƐ 42◦ Ğ X ŽůŚĂŵ ƉĂƌĂ ĐŝŵĂ
ĞŶƋƵĂŶƚŽ 96◦ Ğ 52◦ ŽůŚĂŵ ƉĂƌĂ ďĂŝǆŽ͘ LŽŐŽ͗ 42◦ + X = 96◦ + 52◦͕ Ğ ƉŽƌƚĂŶƚŽ
X = 148◦ − 42◦ = 106◦͘

GĂďĂƌŝƚŽ͗ B

���;EEáRͲϮϬϬϯͿ QUESTÃO ϰ

NĞƐƚĂ ĮŐƵƌĂ͕ ĂƐ ƌĞƚĂƐ r Ğ s ƐĆŽ ƉĂƌĂůĞůĂƐ ĞŶƚƌĞ Ɛŝ͘
OƐ ǀĂůŽƌĞƐ ĚĞ x͕ y Ğ z ƐĆŽ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ

ϲSĞƋƵġŶĐŝĂ ĚĞ ƐĞŐŵĞŶƚŽƐ ĚĞ ƌĞƚĂ ĐŽŵ ƵŵĂ ĞǆƚƌĞŵŝĚĂĚĞ ĐŽŵƵŵ͘

ϮϮ
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;ĂͿ 23◦45 ′͕ 85◦ Ğ 95◦͘
;ďͿ 25◦͕ 90◦ Ğ 90◦͘
;ĐͿ 23◦7 ′5 ′′͕ 95◦ Ğ 85◦͘
;ĚͿ 26◦15 ′͕ 85◦ Ğ 95◦͘

R͗ VĞũĂ ƋƵĞ ŽƐ ąŶŐƵůŽƐ ĚĞ x Ğ 3x− 10◦͕ ũƵŶƚŽƐ͕ ĨŽƌŵĂŵ Ƶŵ ąŶŐƵůŽ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞ ĂŽ ąŶŐƵůŽ ĚĞ
85◦͘ EŶƚĆŽ͗

x+ 3x− 10◦ = 85◦

4x = 85◦ + 10◦

4x = 95◦

x =
95◦

4

x = 23, 75◦.

TĞŵŽƐ ĞŶƚĆŽ ƋƵĞ x = 23, 75◦͕ ŝƐƚŽ Ġ͕ 23 ŐƌĂƵƐ ĐŽŵ ĂĚŝĐŝŽŶĂŝƐ 0, 75 ŐƌĂƵƐ͘ PĂƌĂ ƉĂƐƐĂƌŵŽƐ ĞƐƐĞ
ĞǆĐĞĚĞŶƚĞ ƉĂƌĂ ŵŝŶƵƚŽƐϳ͕ ďĂƐƚĂ ŵƵůƟƉůŝĐĂƌ ƉŽƌ 60͘ EŶƚĆŽ͗ 0, 75◦ = 60 · 0, 75 = 45 ′ ;45ŵŝŶƵƚŽƐͿ͘
EŶƚĆŽ x = 23◦45 ′͘
VĂŵŽƐ Ă y Ğ z͘ VĞũĂ ƋƵĞ y Ġ ĂůƚĞƌŶŽ ĞǆƚĞƌŶŽ ĐŽŵ 85◦͕ Ğ ƉŽƌƚĂŶƚŽ y = 85◦͘ PŽƌ Įŵ͕ z Ġ Ƶŵ ąŶŐƵůŽ
ƐƵƉůĞŵĞŶƚĂƌ Ă 85◦͖ ƉŽƌƚĂŶƚŽ z = 180◦ − 85◦ = 95◦͘

GĂďĂƌŝƚŽ͗ á

ϳGƌĂƵƐ ĨƵŶĐŝŽŶĂŵ ĐŽŵŽ ŚŽƌĂƐ͕ ƋƵĂŶĚŽ ĐŽŵƉĂƌĂĚŽƐ Ă ŵŝŶƵƚŽƐ͘ Uŵ ŐƌĂƵ ĞƋƵŝǀĂůĞ Ă 60ŵŝŶƵƚŽƐ Ğ Ƶŵ ŵŝŶƵƚŽ ĞƋƵŝǀĂůĞ Ă 60 ƐĞŐƵŶĚŽƐ͘

Ϯϯ
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���;EEáRͲϮϬϬϯͿ QUESTÃO ϱ

SĞũĂ α Ƶŵ ąŶŐƵůŽ ĂŐƵĚŽ͘ SĞ ƐŽŵĂƌŵŽƐ Ă ŵĞĚŝĚĂ ĚĞ Ƶŵ ąŶŐƵůŽ ƌĞƚŽ ă ŵĞĚŝĚĂ ĚĞ α Ğ͕ Ğŵ ƐĞŐƵŝĚĂ͕
ƐƵďƚƌĂŝƌŵŽƐ ĚĞƐƐĂ ƐŽŵĂ Ă ŵĞĚŝĚĂ ĚŽ ƐƵƉůĞŵĞŶƚŽ ĚĞ α͕ ŽďƚĞƌĞŵŽƐ ƐĞŵƉƌĞ Ă ŵĞĚŝĚĂ ĚĞ Ƶŵ ąŶŐƵůŽ

;ĂͿ ŶƵůŽ͕ ƋƵĂůƋƵĞƌ ƋƵĞ ƐĞũĂ Ă ŵĞĚŝĚĂ ĚĞ α͘
;ďͿ ƌĞƚŽ͕ ƋƵĂůƋƵĞƌ ƋƵĞ ƐĞũĂ Ă ŵĞĚŝĚĂ ĚĞ α͘
;ĐͿ ĂŐƵĚŽ͕ ĚĞƐĚĞ ƋƵĞ 45◦ < α < 90◦͘
;ĚͿ ƌĂƐŽ͕ ĚĞƐĚĞ ƋƵĞ α < 45◦͘

R͗ PƌŝŵĞŝƌŽ ƐŽŵĂͲƐĞ Ƶŵ ąŶŐƵůŽ ƌĞƚŽ Ă α͕ ĐŚĞŐĂŶĚŽ Ă 90◦ + α͘ Eŵ ƐĞŐƵŝĚĂ ƐƵďƚƌĂŝͲƐĞ Ă ŵĞĚŝĚĂ ĚŽ
ƐƵƉůĞŵĞŶƚŽ ĚĞ α͘ O ƐƵƉůĞŵĞŶƚŽ ĚĞ α Ġ 180◦ − α͕ ůŽŐŽ͕ ƐƵďƚƌĂŝŶĚŽ ĞƐƐĂ ŵĞĚŝĚĂ ĚĞ 90◦ + α͕
ŽďƚĠŵͲƐĞ͗

90◦ + α− (180◦ − α) = 90◦ + α− 180◦ + α

= 2α− 90◦.

áŐŽƌĂ ĨĂĕĂŵŽƐ Ă ĂŶĄůŝƐĞ ĚŽƐ ǀĂůŽƌĞƐ ƋƵĞ ƉŽĚĞŵ ƐĞƌ ŽďƟĚŽƐ ĐŽŵ 2α− 90◦͘ PƌŝŵĞŝƌŽ͕ ąŶŐƵůŽƐ ĂƋƵŝ
ƐĆŽ ƉŽƐŝƟǀŽƐ͘ LŽŐŽ͗

2α− 90◦ > 0

2α > 90◦

α > 45◦.

Eŵ ƐĞŐƵŝĚĂ͕ ĂŶĂůŝƐĞŵŽƐ ƋƵĂŶĚŽ ƋƵĞ ĞƐƐĞ ąŶŐƵůŽ ƚŽƌŶĂͲƐĞ ƌĞƚŽ͘ PĂƌĂ ŝƐƐŽ͕ ďĂƐƚĂ ŝŐƵĂůĂƌŵŽƐ ƚĂů
ąŶŐƵůŽ Ă 90◦͘ áƐƐŝŵ͕ ƚĞŵŽƐ͗

2α− 90◦ = 90◦

α = 90◦.

CŽŵŽ 2α− 90◦ Ġ ĐƌĞƐĐĞŶƚĞ͕ ƐĞ α > 90◦͕ Ž ąŶŐƵůŽ ƐĞƌĄ ŽďƚƵƐŽ͖ ƉŽƌĠŵ͕ ƐĞ α < 90◦͕ ƐĞƌĄ ĂŐƵĚŽ͘ VĞũĂ
ĞŶƚĆŽ ƋƵĞ ƉĂƌĂ Ž ąŶŐƵůŽ ƐĞƌ ĂŐƵĚŽ͕ ĚĞǀĞŵŽƐ ƚĞƌ α < 90◦ Ğ α > 45◦ ;ƉĂƌĂ ŐĂƌĂŶƟƌ ƋƵĞ ƐĞũĂ
ƉŽƐŝƟǀŽͿ͘ LŽŐŽ ƐĞƌĄ ĂŐƵĚŽ ƐĞ 45◦ < x < 90◦͘

GĂďĂƌŝƚŽ͗ C

Ϯϰ

Italo Marinho Sá Barreto

Aula 00

Matemática III p/ Colégio Naval - Com videoaulas - Pós-Edital

www.estrategiaconcursos.com.br



���;EEáRͲϮϬϭϲͿ QUESTÃO ϲ

OƐ ąŶŐƵůŽƐ Â Ğ B̂ ƐĆŽ ĐŽŶŐƌƵĞŶƚĞƐ͘ SĞŶĚŽ Â = 2x+ 15◦ Ğ B̂ = 5x− 9◦͘ áƐƐŝŶĂůĞ Ă ĂůƚĞƌŶĂƟǀĂ ƋƵĞ
ƌĞƉƌĞƐĞŶƚĂ͕ ĐŽƌƌĞƚĂŵĞŶƚĞ͕ Ž ǀĂůŽƌ ĚĞ x͘

;ĂͿ 2◦

;ďͿ 8◦

;ĐͿ 12◦

;ĚͿ 24◦

R͗ CŽŵŽ Â Ğ B̂ ƐĆŽ ĐŽŶŐƌƵĞŶƚĞƐ͕ ĚĞǀĞŵŽƐ ƚĞƌ͗

2x+ 15◦ = 5x− 9◦

2x− 5x = −9◦ − 15◦

−3x = −24◦

x = 8◦.

GĂďĂƌŝƚŽ͗ B

���;EEáRͲϮϬϬϮͿ QUESTÃO ϳ

DƵĂƐ ƌĞƚĂƐ ƉĂƌĂůĞůĂƐ ƐĆŽ ĐŽƌƚĂĚĂƐ ƉŽƌ ƵŵĂ ƚƌĂŶƐǀĞƌƐĂů͕ ĚĞ ŵŽĚŽ ƋƵĞ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ĂŐƵĚŽƐ
ĨŽƌŵĂĚŽƐ ǀĂůĞ 144◦͘ EŶƚĆŽ Ă ĚŝĨĞƌĞŶĕĂ ĞŶƚƌĞ ĂƐ ŵĞĚŝĚĂƐ ĚĞ Ƶŵ ąŶŐƵůŽ ŽďƚƵƐŽ Ğ ĚĞ Ƶŵ ĂŐƵĚŽ Ġ

;ĂͿ 85◦

;ďͿ 92◦

;ĐͿ 108◦

;ĚͿ 116◦

R͗ DĞƐĞŶŚĂƌ ƵŵĂ ďŽĂ ĮŐƵƌĂ ŶĞƐƐĂ ƋƵĞƐƚĆŽ Ġ ĞƐƐĞŶĐŝĂů͘ NĆŽ ĮƋƵĞ ƚĞŶƚĂŶĚŽ ĨĂǌĞƌ ĚĞ ĐĂďĞĕĂ͕ ŶĆŽ͘
MĞƐŵŽ ƋƵĞ ĐŽŶƐŝŐĂ͕ ŶĆŽ Ġ ĞƐƐĞ Ž ƉƌŽƉſƐŝƚŽ ĂƋƵŝ͘ VĂŵŽƐ ĞŶƚĆŽ ĚĂƌ ƵŵĂ ŽůŚĂĚĂ ŶĂ ĮŐƵƌĂ ƋƵĞ
ƌĞƐŽůǀĞ ĞƐƐĞ ĞǆĞƌĐşĐŝŽ͘

Ϯϱ
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α

α

α

α

CŽŵŽ ƐĆŽ ƋƵĂƚƌŽ ąŶŐƵůŽƐ ĂŐƵĚŽƐ ƋƵĞ ƐŽŵĂŵ 144◦͕ ƚĞŵŽƐ͗

α+ α+ α+ α = 144◦

4α = 144◦

α = 36◦.

O ƐƵƉůĞŵĞŶƚŽ ĚĞ 36◦ Ġ Ž ąŶŐƵůŽ 180◦ − 36◦ = 144◦͘ DĂş Ă ĚŝĨĞƌĞŶĕĂ ĞŶƚƌĞ Ž ąŶŐƵůŽ ŽďƚƵƐŽ Ğ Ž
ĂŐƵĚŽ Ġ͗ 144◦ − 36◦ = 108◦͘

GĂďĂƌŝƚŽ͗ C

Ϯϲ

Italo Marinho Sá Barreto

Aula 00

Matemática III p/ Colégio Naval - Com videoaulas - Pós-Edital

www.estrategiaconcursos.com.br



ϯ͘Ϭ TÙ®�Ä¦ç½ÊÝ

ϯ͘ϭ E½�Ã�ÄãÊÝ ¥çÄ��Ã�Äã�®Ý

EŝƐ ĞŶƚĆŽ ƋƵĞ ĐŽŵĞĕĂŵŽƐ Ă ĨĂůĂƌ ĚĂƐ ĮŐƵƌĂƐ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞƐ ĚĞ ƚŽĚĂ Ă ŐĞŽŵĞƚƌŝĂ ƉůĂŶĂ͗ ŽƐ
ƚƌŝąŶŐƵůŽƐ͘

A

α

β

γ

r

s

t

α ′

β ′

γ ′

B

C

TƌŝąŶŐƵůŽƐ ƐĆŽ Ă ĨŽƌŵĂ ŵĂŝƐ ƐŝŵƉůĞƐ ĚĞ ƉŽůşŐŽŶŽƐ͕ ĮŐƵͲ
ƌĂƐ ƋƵĞ ƉŽƐƚĞƌŝŽƌŵĞŶƚĞ ĚŝƐĐƵƟƌĞŵŽƐ ĚĞ ŵŽĚŽ ŵĂŝƐ ŐĞƌĂů͘
EƐƐĞŶĐŝĂůŵĞŶƚĞ Ž ƋƵĞ ĚĞǀĞŵŽƐ ĞŶƚĞŶĚĞƌ ĂŐŽƌĂ Ġ ƋƵĞ ƚƌŝͲ
ąŶŐƵůŽ Ġ Ă ĮŐƵƌĂ ĨŽƌŵĂĚĂ Ğ ĚĞƚĞƌŵŝŶĂĚĂ ƉŽƌ ƚƌġƐ ƐĞŐŵĞŶͲ
ƚŽƐ ĚĞ ƌĞƚĂ ĐŽŵ ǀĠƌƟĐĞƐ ŵƵƚƵĂŵĞŶƚĞ ĐŽŵƉĂƌƟůŚĂĚŽƐ͘ áŽ
ůĂĚŽ ǀĞŵŽƐ Ƶŵ ƚƌŝąŶŐƵůŽ ĐŽŵ ƚŽĚŽƐ ŽƐ ƐĞƵƐ ĞůĞŵĞŶƚŽƐ
ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞƐ͘ FĂůĂƌĞŵŽƐ Ă ƐĞŐƵŝƌ ĚĞ ĐĂĚĂ Ƶŵ ĚĞͲ
ůĞƐ͕ ĞǆƉůŝĐĂŶĚŽ ŽƐ ƐĞƵƐ ĨƵŶĐŝŽŶĂŵĞŶƚŽƐ͕ ƐƵĂƐ ĚĞĮŶŝĕƁĞƐ͕
Ğ ƐƵĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞƐ͘ DĞǀĞŵŽƐ ƚŽŵĂƌ

ŵƵŝƚŽ ĐƵŝĚĂĚŽ ĐŽŵ ĞƐƐĂƐ ĚĞĮŶŝĕƁĞƐ͕ ĂƉĞƐĂƌ ĚĞƐƐĞ ĂƐƐƵŶƚŽ ƐĞƌ ƌĞůĂƟǀĂŵĞŶƚĞ ĨĄĐŝů͘ VĂŵŽƐ ůĄ͊

ͻ VĠƌƟĐĞƐ͗ ƐĆŽ ŽƐ ƉŽŶƚŽƐ ŶĆŽͲĐŽůŝŶĞĂƌĞƐA͕B ĞC͘ Uŵ ƚƌŝąŶŐƵůŽ͕ ĐŽŵŽƉŽĚĞ ƐĞƌ ƉĞƌĐĞďŝĚŽ͕ ƐĞŵƉƌĞ
ƚġŵ ƚƌġƐ ǀĠƌƟĐĞƐ͘

ͻ LĂĚŽƐ͗ ƐĆŽ ŽƐ ƐĞŐŵĞŶƚŽƐ ĚĞ ƌĞƚĂ ĐŽŵĞǆƚƌĞŵŝĚĂĚĞƐ ŶŽƐ ǀĠƌƟĐĞƐ͘ EƐƐĂ ĚĞĮŶŝĕĆŽ ƐŽŵĞŶƚĞ Ġ ǀĄůŝĚĂ
ƉĂƌĂ ƚƌŝąŶŐƵůŽƐ͘ PŽůşŐŽŶŽƐ ĐŽŵ ŵĂŝƐ ĚĞ ƚƌġƐ ůĂĚŽƐ ƐĞƌĆŽ ǀŝƐƚŽƐ ŶĂƐ ƉƌſǆŝŵĂƐ ĂƵůĂƐ͘ Eŵ ŶŽƐƐĂ
ĮŐƵƌĂ͕ ƐĆŽ ůĂĚŽƐ ŽƐ ƐĞŐŵĞŶƚŽƐ͗ AB͕ AC Ğ BC͘ áƐ ƌĞƚĂƐ r͕ s Ğ t ƐĆŽ ĂƐ ƌĞƚĂƐ ƐƵƉŽƌƚĞƐ ĚĞƐƐĞƐ
ůĂĚŽƐ͘

ͻ ÂŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ͗ SĆŽ ŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ĂŽ ƚƌŝąŶŐƵůŽ ĨŽƌŵĂĚŽƐ ƉĞůŽƐ ƐĞƵƐ ůĂĚŽƐ͘ Eŵ ŶŽƐƐĂ
ĮŐƵƌĂ͕ ƐĞƌŝĂŵ͗ α͕ β Ğ γ͘

ͻ ÂŶŐƵůŽƐ ĞǆƚĞƌŶŽƐ͗ SĆŽ ŽƐ ąŶŐƵůŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ ĂĚũĂĐĞŶƚĞƐ ĂŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ĚŽ ƚƌŝąŶŐƵůŽ͘
Eŵ ŶŽƐƐĂ ĮŐƵƌĂ͕ ƐĞƌŝĂŵ͗ α ′͕ β ′ Ğ γ ′͘

ͻ RĞŐŝĆŽ ƚƌŝĂŶŐƵůĂƌ͗ É Ž ƐƵďĐŽŶũƵŶƚŽ ĚŽ ƉůĂŶŽ ĚĞůŝŵŝƚĂĚŽ ƉĞůŽƐ ůĂĚŽƐ͘ NĂ ĮŐƵƌĂ͕ ƐĞƌŝĂ Ă ƌĞŐŝĆŽ
ĂǌƵůĂĚĂ ŝŶƚĞƌŝŽƌ ĂŽ ƚƌŝąŶŐƵůŽ͘

PĞƌĐĞďĂ ĞŶƚĆŽ ƋƵĞ ĞǆŝƐƚĞŵ ĚŽŝƐ ƟƉŽƐ ĚĞ ąŶŐƵůŽƐ Ğŵ ƚƌŝąŶŐƵůŽƐ͗ ŽƐ ąŶŐƵůŽƐ ĞǆƚĞƌŶŽƐ Ğ ŽƐ ąŶŐƵůŽƐ
ŝŶƚĞƌŶŽƐ͘ EůĞƐ ƐĆŽ ƐƵƉůĞŵĞŶƚĂƌĞƐ ĂĚũĂĐĞŶƚĞƐ͕ ǀġ ŝƐƐŽ ŶĂƐ ĮŐƵƌĂƐ͍

Ϯϳ
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A

α

β

γ

B

C
α+β+γ

180◦

A

α

β

γ

B

C

a

b

c

C AB

BC AC

a b c

a+ b+ c = 180◦

a α

c γ a = α

c = γ b β

b = β α+β+γ = 180◦

180◦
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A

α

β

γ

r

s

t

α ′

β ′

γ ′

B

C

α ′ + α = 180◦ α ′ = 180◦ − α

α + β + γ =

180◦ β+ γ = 180◦ − α

α ′ β + γ 180◦ − α

α ′ = β + γ β γ

△ABC ABC

α ′

α ′ = β+ γ β ′ = α+ γ γ ′ = α+ β

7, 9 11 11, 20, 35

7, 9 11

7+ 9 = 16 11 7+ 11 = 18

9 9+ 11 = 20 7

11, 20 35 11+20 =

31 35

a b c

a + b > c
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���;EEáRͲϮϬϬϮͿ QUESTÃO ϴ

CŽůŽƋƵĞ V ŽƵ F ĐŽŶĨŽƌŵĞ ĂƐ ĂĮƌŵĂĕƁĞƐ ƐĞũĂŵ ǀĞƌĚĂĚĞŝƌĂƐ ŽƵ ĨĂůƐĂƐ͗

; Ϳ DŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ ƐĆŽ ƐƵƉůĞŵĞŶƚĂƌĞƐ͘

; Ϳ DŽŝƐ ąŶŐƵůŽƐ ƋƵĞ ƚġŵ Ž ŵĞƐŵŽ ĐŽŵƉůĞŵĞŶƚŽ ƐĆŽ ĐŽŶŐƌƵĞŶƚĞƐ͘

; Ϳ DŽŝƐ ąŶŐƵůŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ ƐĆŽ ĂĚũĂĐĞŶƚĞƐ͘

; Ϳ Uŵ ƚƌŝąŶŐƵůŽ ŽďƚƵƐąŶŐƵůŽ ƉŽĚĞ ƐĞƌ ŝƐſƐĐĞůĞƐ͘

; Ϳ Uŵ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ Ġ ĞƐĐĂůĞŶŽ͘

áƐƐŝŶĂůĞ Ă ƐĞƋƺġŶĐŝĂ ĐŽƌƌĞƚĂ͘

;ĂͿ F Ͳ V Ͳ F Ͳ V Ͳ V
;ďͿ F Ͳ V Ͳ V Ͳ V Ͳ F
;ĐͿ F Ͳ V Ͳ F Ͳ V Ͳ F
;ĚͿ F Ͳ F Ͳ V Ͳ V Ͳ F

R͗ CŽŵĞŶƚĞŵŽƐ ĂĮƌŵĂƟǀĂ ƉŽƌ ĂĮƌŵĂƟǀĂ͘

ͻ DŽŝƐ ąŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ ƐĆŽ ƐƵƉůĞŵĞŶƚĂƌĞƐ͗ NĆŽ ŶĞĐĞƐƐĂƌŝĂŵĞŶƚĞ͘ TĞŵŽƐ ĚĞ ƚŽŵĂƌ ŵƵŝƚŽ
ĐƵŝĚĂĚŽ ĐŽŵ ĞƐƐĂƐ ĂĮƌŵĂĕƁĞƐ ĐĂƚĞŐſƌŝĐĂƐ ĂƐƐŝŵ͕ ƉŽƌƋƵĞ ĞůĂƐ ƐĆŽ ŐĞŶĞƌĂůŝǌĂŶƚĞƐ͘ TĞŵŽƐ ĚĞ
ƚŽŵĂƌ ĐƵŝĚĂĚŽ ĐŽŵ ĞƐƐĂƐ ŐĞŶĞƌĂůŝǌĂĕƁĞƐ͕ ƉŽĚĞŵ ĞƐĐŽŶĚĞƌ ƵŵĂ ďĂŝƚĂ ĚĞ ƵŵĂ ƉĞŐĂĚŝŶŚĂ͘ BŽŵ͕
ƐĞ ůĞŵďƌĂ ĚŽ ĐŽŶĐĞŝƚŽ ĚĞ ąŶŐƵůŽ ĂĚũĂĐĞŶƚĞ͍ E ĚĞ ąŶŐƵůŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ͍ PŽŝƐ ďĞŵ͕ ĐŽŶƐƚƌƵĂ
Ƶŵ Ğ ŽƵƚƌŽ ŶĂ ƐƵĂ ĐĂďĞĕĂ͘ áŐŽƌĂ ƉĞŶƐĞ͗ ŶĞĐĞƐƐĂƌŝĂŵĞŶƚĞ ƐĞƌ ĂĚũĂĐĞŶƚĞ ŝŵƉůŝĐĂ Ğŵ ƐĞƌ
ƐƵƉůĞŵĞŶƚĂƌ͍ VĂŵŽƐ ĚĂƌ ƵŵĂ ŽůŚĂĚĂ͘ OďƐĞƌǀĞ Ă ĮŐƵƌĂ Ă ƐĞŐƵŝƌ͗
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α

β

α β

α β α

90◦ −α β 90◦ −β

90◦ − α = 90◦ − β

� ��90◦ − α = � ��90◦ − β

−α = −β

−α = −β

α = β.

α β
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45
◦

135
◦

EƐƐĞƐ ąŶŐƵůŽƐ ƐĆŽ͕ ĚĞ ĨĂƚŽ͕ ƐƵƉůĞŵĞŶƚĂƌĞƐ͕ ƉŽŝƐ 45◦ + 135◦ = 180◦͘ MĂƐ ŶĆŽ ƐĆŽ ĂĚũĂĐĞŶƚĞƐ͕
ƉŽŝƐ ŶĆŽ ĐŽŵƉĂƌƟůŚĂŵ ƵŵĂ ŵĞƐŵĂ ƐĞŵŝƌƌĞƚĂ ĐŽŵŽ ůĂĚŽ͘

ͻ Uŵ ƚƌŝąŶŐƵůŽ ŽďƚƵƐąŶŐƵůŽ ƉŽĚĞ ƐĞƌ ŝƐſƐĐĞůĞƐ͗ Sŝŵ͕ ǀĞƌĚĂĚĞŝƌŽ͊ OďƐĞƌǀĞ Ă ĮŐƵƌĂ ĂďĂŝǆŽ Ğ
ĐŽŶƐƚĂƚĞ ƉŽƌ Ɛŝ ŵĞƐŵŽ Ƶŵ ĞǆĞŵƉůŽ ĚĞ ƚƌŝąŶŐƵůŽ ŽďƚƵƐąŶŐƵůŽ ŝƐſƐĐĞůĞƐ͘

140
◦

5 cm5 cm

ͻ Uŵ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ Ġ ĞƐĐĂůĞŶŽ͗ NĆŽ ŶĞĐĞƐƐĂƌŝĂŵĞŶƚĞ͘ OďƐĞƌǀĞ ĂďĂŝǆŽ Ƶŵ ƚƌŝąŶŐƵůŽ
ƌĞƚąŶŐƵůŽ ŝƐſƐĐĞůĞƐ͕ ƉŽƌ ĞǆĞŵƉůŽ ;ƚŽĚŽƐ ŽƐ ŽƵƚƌŽƐ͕ ƉŽƌĠŵ͕ ƐĆŽ ŶĞĐĞƐƐĂƌŝĂŵĞŶƚĞ ĞƐĐĂůĞŶŽƐ Ɛŝŵ͖
ĞƐƐĞ Ġ Ž ƷŶŝĐŽ ĐŽŶƚƌĂͲĞǆĞŵƉůŽͿ͘

45
◦

45
◦

TƌĂƚĂͲƐĞ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ ƋƵĞ ŶĆŽ Ġ ĞƐĐĂůĞŶŽ͕ ĨĂůƐŝĮĐĂŶĚŽ ƉŽƌƚĂŶƚŽ Ă ĂĮƌŵĂƟǀĂ͘

BĂƐĞĂŶĚŽͲŶŽƐ ŶĂƐ ĐŽŶĐůƵƐƁĞƐ ƋƵĞ ĮǌĞŵŽƐ͕ ƚĞŵŽƐ F V F V F͘

GĂďĂƌŝƚŽ͗ C

ϯϯ
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���;EEáRͲϮϬϬϯͿ QUESTÃO ϵ

OďƐĞƌǀĂŶĚŽ ĂƐ ĮŐƵƌĂƐ ĂďĂŝǆŽ͕ Ž ǀĂůŽƌ͕ Ğŵ ŐƌĂƵƐ͕ ĚĞ x− y Ġ

;ĂͿ 25
;ďͿ 20
;ĐͿ 15
;ĚͿ 10

R͗ NĂ ƉƌŝŵĞŝƌĂ ĮŐƵƌĂ͕ ďĂƐƚĂ ƵƐĂƌŵŽƐ Ž TĞŽƌĞŵĂ ĚŽ BŝĐŽ͕ ǀŝƐƚŽ ƋƵĞ ĂƐ ƌĞƚĂƐ r Ğ s ƐĆŽ ƉĂƌĂůĞůĂƐ͘ OƐ
ąŶŐƵůŽƐ ͞ŽůŚĂŶĚŽ ƉĂƌĂ ĐŝŵĂ͟ ƐĆŽ͗ 65◦ Ğ 40◦͖ ŽƐ ąŶŐƵůŽƐ ͞ŽůŚĂŶĚŽ ƉĂƌĂ ďĂŝǆŽ͟ ƐĆŽ 30◦ Ğ x͘ LŽŐŽ͗

30◦ + x = 65◦ + 40◦

x = 65◦ + 40◦ − 30◦

x = 75◦.

NĂ ƐĞŐƵŶĚĂ ĮŐƵƌĂ͕ ŽďƐĞƌǀĞ ƋƵĞ ƚĞŵŽƐ Ƶŵ ƚƌŝąŶŐƵůŽ͘

y
150◦

25◦

30◦

ϯϰ
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JĄ ĐŽůŽƋƵĞŝ ĂƋƵĞůĞ ĂŶŐƵůŽ ĚĞ 30◦ ĂĚũĂĐĞŶƚĞ ƐƵƉůĞŵĞŶƚĂƌ ĂŽ ĚĞ 150◦͕ ĐĂůĐƵůĂĚŽ Ă ƉĂƌƟƌ ĚĞ
180◦ − 150◦ = 30◦͘ áŐŽƌĂ͕ Ġ ƷƟů ƌĞĐŽŶŚĞĐĞƌŵŽƐ ƋƵĞ y Ġ Ƶŵ ąŶŐƵůŽ ĞǆƚĞƌŶŽ ĂŽ ƚƌŝąŶŐƵůŽ ĂǌƵů͘
LĞŵďƌĞͲƐĞ ĞŶƚĆŽ ƋƵĞ Ž ąŶŐƵůŽ ĞǆƚĞƌŶŽ Ġ Ă ƐŽŵĂ ĚŽƐ ĞǆƚĞƌŶŽƐ ŶĆŽͲĂĚũĂĐĞŶƚĞƐ͘ PŽƌƚĂŶƚŽ͕
y = 30◦ + 25◦ = 55◦. CŽŵŽ Ž ƉƌŽďůĞŵĂ ƉĞĚĞ Ž ǀĂůŽƌ ĚĞ x− y͕ ƚĞŵŽƐ ĮŶĂůŵĞŶƚĞ Ž ƌĞƐƵůƚĂĚŽ
75◦ − 55◦ = 20◦͘

GĂďĂƌŝƚŽ͗ B

���;EEáRͲϮϬϬϯͿ QUESTÃO ϭϬ

NĂ ĮŐƵƌĂ͕ r ∥ s Ğ t ⊥ u͘

O ǀĂůŽƌ ĚĞ a− b Ġ

;ĂͿ 100◦

;ďͿ 90◦

;ĐͿ 80◦

;ĚͿ 70◦

R͗ EƐƐĂ Ġ ƵŵĂ ĞǆĐĞůĞŶƚĞ ƋƵĞƐƚĆŽ ƉĂƌĂ ŝŶƚĞŐƌĂƌŵŽƐ ŶŽƐƐĂƐ ƚĞŽƌŝĂƐ ĂŶŐƵůĂƌĞƐ Ğ ƚƌŝĂŶŐƵůĂƌĞƐ͘ MĂƐ
ĂŶƚĞƐ͕ Ƶŵ ƌĞĐĂĚŽ ƉĂƌĂ Ž ĞƐƚƵĚĂŶƚĞ͘ VŽĐġ ƚĂůǀĞǌ ĞƐƚĞũĂ ƉĞƌŐƵŶƚĂŶĚŽ Ğ ƋƵĞƐƟŽŶĂŶĚŽͲƐĞ ƋƵĂŶƚŽ Ă͗
ŵĂƐ ĐĂĚġ ĂƐ ƋƵĞƐƚƁĞƐ ĚĂ ESá͍ JŽǀĞŵ͕ ŶĆŽ ĮƋƵĞ ƐĞ ĨĂǌĞŶĚŽ ĞƐƐĂ ƉĞƌŐƵŶƚĂ͘ O ĐŽŶĐƵƌƐŽ ĚĂ ESá
ĂƉĞŶĂƐ ŶĆŽ ĐŽďƌĂ Ž ĂƐƐƵŶƚŽ ĚŝƌĞƚĂŵĞŶƚĞ͕ ŵĂƐ ĞůĞ Ġ ŶĞĐĞƐƐĄƌŝŽ͘ DĂş ƵƟůŝǌŽ ƋƵĞƐƚƁĞƐ ĐŽŵ
ƐŝŵŝůĂƌŝĚĂĚĞ Ğ ƋƵĞ ĞŶǀŽůǀĂŵ Ž ĐŽŶƚĞƷĚŽ ƚĠĐŶŝĐŽ ƉĂƌĂ Ž ƐĞƵ ĂƉƌĞŶĚŝǌĂĚŽ͘ PĂƌĞ ŝŵĞĚŝĂƚĂŵĞŶƚĞ ĐŽŵ
ĞƐƐĞƐ ƋƵĞƐƟŽŶĂŵĞŶƚŽƐ Ğ ŶĆŽ ŽƐ ĚĞŝǆĞŵ ƉĞƌƉĞƚƵĂƌ͘ EƐƐĂ ƉĞƌƉĞƚƵŝĚĂĚĞ Ġ ŶŽĐŝǀĂ͘ CŽŶĮĞ ŶŽ ƚƌĂďĂůŚŽ
ƋƵĞ ĞƐƚĂŵŽƐ ĨĂǌĞŶĚŽ͘ NŽ ĮŶĂů ǀŽĐġ Ɛſ ƚĞƌĄ Ă ƐĞ ƐƵƌƉƌĞĞŶĚĞƌ ĐŽŵ Ă ƌĂƉŝĚĞǌ Ğ ĐŽŶƐŝŐŽ͘ áŐŽƌĂ͕ ă
ƌĞƐŽůƵĕĆŽ͘
OďƐĞƌǀĞ Ă ĮŐƵƌĂ ĐŽŵ Ƶŵ ĚŽƐ ƚƌŝąŶŐƵůŽƐ ĚĞƐƚĂĐĂĚŽƐ͗
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a

b

b

b

a

a = b+ 90◦

a− b = 90◦.

���

ED//BC (EÂB) = 80◦ (CB̂A) = 35◦
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áƐƐŝŵ͕ Ă ŵĞĚŝĚĂ ĚĞDÊA Ġ

;ĂͿ 100◦͘
;ďͿ 110◦͘
;ĐͿ 115◦͘
;ĚͿ 120◦͘

R͗ EƐƐĂ Ġ Ă ƉƌŝŵĞŝƌĂ ƋƵĞƐƚĆŽ ƋƵĞ ĨĂǌĞŵŽƐ ƋƵĞ ƉƌĞĐŝƐĂƌĞŵŽƐ ƉƌŽůŽŶŐĂƌ Ƶŵ ƐĞŐŵĞŶƚŽ ĚĞ ƌĞƚĂ
;ĞƐƉĞĐŝĮĐĂŵĞŶƚĞ Ž ƐĞŐŵĞŶƚŽAEͿ͘ VĂŵŽƐ ĚĂƌ ƵŵĂ ŽůŚĂĚĂ͗

80◦

35◦

α

α

OďƐĞƌǀĞ Ž ƉƌŽůŽŶŐĂŵĞŶƚŽ ƋƵĞ Įǌ ŶĂ ĮŐƵƌĂ͘ PĞƌĐĞďĞ ƋƵĞ ĐŽŵ ĞůĞ ĐŽŶƐĞŐƵŝŵŽƐ ĨĞĐŚĂƌ Ƶŵ ƚƌŝąŶŐƵůŽ͍
IƐƐŽ Ġ ƷƟů ƉŽƌƋƵĞ ƚƌŝąŶŐƵůŽƐ ƐĆŽ ĮŐƵƌĂƐ ĐŚĞŝĂƐ ĚĞ ƉƌŽƉƌŝĞĚĂĚĞƐ͕ ĐŽŵŽ ƉŽƌ ĞǆĞŵƉůŽ Ž ĂƉĂƌĞĐŝŵĞŶƚŽ
ĚĞ ĚŽŝƐ ąŶŐƵůŽƐ ŝŐƵĂŝƐ ;ŽƐ ąŶŐƵůŽƐ α ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ͕ ƋƵĞ ĂƉĂƌĞĐĞŵ ŶĂƚƵƌĂůŵĞŶƚĞ ŶĂ ĮŐƵƌĂͿ͘
E ŽůŚĂ Ɛſ ƋƵĞ ŝŶƚĞƌĞƐƐĂŶƚĞ͗ Ž ąŶŐƵůŽ α Ġ Ƶŵ ąŶŐƵůŽ ĞǆƚĞƌŶŽ ĂŽ ƚƌŝąŶŐƵůŽ͊ E ĐŽŵŽ ĨƵŶĐŝŽŶĂŵ
ąŶŐƵůŽƐ ĞǆƚĞƌŶŽƐ͍ Eŵ Ƶŵ ƚƌŝąŶŐƵůŽ͕ ĐŽŵŽ ũĄ ĐĂŶƐĂŵŽƐ ĚĞ ǀĞƌ͕ Ƶŵ ąŶŐƵůŽ ĞǆƚĞƌŶŽ Ġ Ă ƐŽŵĂ ĚŽƐ
ŝŶƚĞƌŶŽƐ ŶĆŽͲĂĚũĂĐĞŶƚĞƐ͘ EŶƚĆŽ͕ α = 80◦ + 35◦ = 115◦͕ ƋƵĞ Ġ ĞǆĂƚĂŵĞŶƚĞ Ž ƋƵĞ ďƵƐĐĂŵŽƐ͊

GĂďĂƌŝƚŽ͗ C

ϯ͘ϰ CÊÄ¦Ùç�Ä�®� �� ãÙ®�Ä¦ç½ÊÝ

NĆŽ Ġ Ž ĂƐƐƵŶƚŽ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ ĚŽ ŵƵŶĚŽ͘ NĆŽ ŵĞƐŵŽ͘ MĂƐ Ă ŝŵƉŽƌƚąŶĐŝĂ ĚĂ ĐŽŶŐƌƵġŶĐŝĂ ĚĞ
ƚƌŝąŶŐƵůŽƐ ƐĞ ĚĄ ƉĂƌĂ ƋƵĞ ƉŽƐƐĂŵŽƐ͕ ƉŽƐƚĞƌŝŽƌŵĞŶƚĞ͕ ĂƉƌĞŶĚĞƌ Ž ƋƵĞ ǀĞŵ Ă ƐĞƌ ƵŵĂ ƐĞŵĞůŚĂŶĕĂ ĚĞ
ƚƌŝąŶŐƵůŽƐ͘ EŶƚĆŽ Ƶŵ ďŽŵ ĞŶƚĞŶĚŝŵĞŶƚŽ ĚĞƐƐĞ ƚſƉŝĐŽ ƚƌĂƌĄ ďĞŶĞİĐŝŽƐ ĚĞƉŽŝƐ ;ŝŶĐůƵƐŝǀĞ͕ ĂŝŶĚĂ ŶĞƐƐĞ
ůŝǀƌŽ ĞůĞƚƌƀŶŝĐŽͿ͘ VĂŵŽƐ ůĄ͊
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A

B

C A ′

B ′

C’

a b

c

a b

c

△ABC ≡ △A ′B ′C ′
≡

A

B

C A ′

B ′

C’

a

c

a

c

α α
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CŽŵŽ ŽƐ ůĂĚŽƐ a Ğ c ƐĆŽ ŝŐƵĂŝƐ Ğ͕ Ž ąŶŐƵůŽ ĨŽƌŵĂĚŽ ĞŶƚƌĞ ĞůĞƐ ;αͿ ƚĂŵďĠŵ͕ ƚĞŵŽƐ △ABC ≡
△A ′B ′C ′͘

ͻ áLá͗ QƵĂŶĚŽ ĚŽŝƐ ƚƌŝąŶŐƵůŽƐ ƉŽƐƐĞƵŵ ĚŽŝƐ ąŶŐƵůŽƐ ŝŐƵĂŝƐ Ğ͕ ƚĂŵďĠŵ͕ Ž ůĂĚŽ ĐŽŵƵŵ Ă ĞƐƐĞƐ
ąŶŐƵůŽƐ͕ ĞƐƐĞƐ ƚƌŝąŶŐƵůƐŽ ƐĞƌĆŽ ĐŽŶƐŝĚĞƌĂĚŽƐ ĐŽŶŐƌƵĞŶƚĞƐ͘

A

B

C A ′

B ′

C’c c

α αβ β

CŽŵŽ ŽƐ ąŶŐƵůŽƐ α Ğ β ƐĆŽ ŝŐƵĂŝƐ Ğ Ž ůĂĚŽ ĐŽŵƵŵ c ƚĂŵďĠŵ͕ ƚĞŵŽƐ△ABC ≡ △A ′B ′C ′͘

ͻ LááŽ͗ QƵĂŶĚŽ ĚŽŝƐ ƚƌŝąŶŐƵůŽƐ ƟǀĞƌĞŵ Ƶŵ ůĂĚŽ ŝŐƵĂů͕ Ƶŵ ąŶŐƵůŽ ĂĚũĂĐĞŶƚĞ Ă ĞƐƐĞ ůĂĚŽ ŝŐƵĂů Ğ͕
ƚĂŵďĠŵ͕ Ž ąŶŐƵůŽ ŽƉŽƐƚŽ ăƋƵĞůĞ ůĂĚŽ ƚĂŵďĠŵ ŝŐƵĂů͕ ŽƐ ƚƌŝąŶŐƵůŽƐ ƐĞƌĆŽ ĐŽŶƐŝĚĞƌĂĚŽƐ ĐŽŶŐƌƵͲ
ĞŶƚĞƐ͘ MĞŝ ĐŽŵƉůŝĐĂĚĂ ĞƐƐĂ͕ ŶĆŽ͍ Dġ ƵŵĂ ďŽĂ ŽůŚĂĚĂ ŶĂ ĮŐƵƌĂ ĞŶƋƵĂŶƚŽ ůġ Ğ ƌĞůġ Ă ĚĞĮŶŝĕĆŽ͘

A

B

C A ′

B ′

C’c c

α α

ββ

VĞũĂ ƋƵĞ ƚĞŵŽƐ Ƶŵ ůĂĚŽ ŝŐƵĂů ;cͿ͕ Ƶŵ ąŶŐƵůŽ ĂĚũĂĐĞŶƚĞ ŝŐƵĂů ;αͿ Ğ͕ ĮŶĂůŵĞŶƚĞ͕ Ž ąŶŐƵůŽ ŽƉŽƐƚŽ
ăƋƵĞůĞ ůĂĚŽ ƚĂŵďĠŵ ŝŐƵĂů ;βͿ͘

MĞŝŽ ĐŽŵƉůŝĐĂĚŽ ŶĠ͍ MĂƐ ƐĆŽ ĂƉĞŶĂƐ ƌĞŐƌĂƐ ƉĂƌĂ ǀĞƌŝĮĐĂƌŵŽƐ ƐĞ ĚŽŝƐ ƚƌŝąŶŐƵůŽƐ ƐĆŽ ŽƵ ŶĆŽ ĐŽŶͲ
ŐƌƵĞŶƚĞƐ͘ á ǀĂŶƚĂŐĞŵ ĚĞ ĚŽŝƐ ƚƌŝąŶŐƵůŽƐ ƐĞƌĞŵ ĐŽŶŐƌƵĞŶƚĞƐ Ġ ƋƵĞ ƐĞ ǀŽĐġ ĚĞƐĐŽďƌŝƌ ƋƵĞ ĚĞ ĨĂƚŽ ƐĆŽ͕
ƚŽĚĂƐ ĂƐ ŵĞĚŝĚĂƐ ĚĞ Ƶŵ ƉŽĚĞŵ ƐĞƌ ƚƌĂŶƐĨĞƌŝĚĂƐ ƉĂƌĂ Ž ŽƵƚƌŽ͕ Ğ ǀŝĐĞͲǀĞƌƐĂ͘

EŶƚĆŽ͕ ǀĂŵŽƐ ĞŶƚĆŽ ĂŽ ĐŽŶĐĞŝƚŽ ĚĞ ƐĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵůŽƐ͘ QƵĞƌŽ ƉŽƌĠŵ͕ ĂŶƚĞƐ ĚĞ ĐŽŵĞĕĂƌ Ă
ƉƌſǆŝŵĂ ƐĞĕĆŽ͕ ĐƌŝĂƌ Ƶŵ ĐůşŵĂǆ ŶĂ ƐƵĂ ĐĂďĞĕĂ͗ ƉƌĞƐƚĞ ďĂƐƚĂŶƚĞ ĂƚĞŶĕĆŽ ŶĂ ĨƌĂƐĞ ƋƵĞ ŝŶŝĐŝĂƌĄ Ă ƉƌſǆŝŵĂ
ƐĞĕĆŽ͘ É Ƶŵ ĨƌĂƐĞ ƐƵƉĞƌ ŝŵƉĂĐƚĂŶƚĞ ƉŽƌĠŵ ĞǆƚƌĞŵĂŵĞŶƚĞ ǀĞƌĚĂĚĞŝƌĂ͘ Eŵ ŶŽƐƐŽ ŵĂƚĞƌŝĂů ĂƚƵĂů͕ ũĄ
ĨĂůĞŝ ƉŽƌ ĚŝǀĞƌƐĂƐ ǀĞǌĞƐ ƐŽďƌĞ Ă ŝŵƉŽƌƚąŶĐŝĂ ĚĞ ƚĞŽƌĞŵĂƐ͕ ĐŽŵŽ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ
ŝŶƚĞƌŶŽƐ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ ;ŵĞŶĐŝŽŶĞŝ ƐĞƌ Ž ƚĞŽƌĞŵĂ ĂŶŐƵůĂƌ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ ĚĂ ŐĞŽŵĞƚƌŝĂ ƉůĂŶĂͿ͘
MĂƐ ƐĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵůŽƐ͕ ƚĞŵ ƵŵĂ ŝŵƉŽƌƚąŶĐŝĂ ƋƵĞ ĞƐƚĄ Ğŵ ŽƵƚƌŽ ŶşǀĞů͘ VĂŵŽƐ ůĄ͘
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ϯ͘ϱ S�Ã�½«�Ä�� �� ãÙ®�Ä¦ç½ÊÝ

EƐƐĞ Ġ Ž ĂƐƐƵŶƚŽ ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ ĚĞ TODá Ă ŐĞŽŵĞƚƌŝĂ
ƉůĂŶĂ͘ Sŝŵ͕ ũŽǀĞŵ͕ Ž ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ͘ PƌĂƟĐĂŵĞŶƚĞ ƚƵĚŽ Ž
ƋƵĞ ǀĞƌĞŵŽƐ ĚĞ ĂŐŽƌĂ Ğŵ ĚŝĂŶƚĞ ;Ğ ŶŝƐƐŽ ĞƵ ŝŶĐůƵŽ ŽƐ ƉƌſǆŝͲ
ŵŽƐ ŵĂƚĞƌŝĂŝƐͿ ǀĞŵ ĚŽ ĐŽŶĐĞŝƚŽ ĚĞ ƐĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵůŽƐ͗
ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ Ğŵ ƌĞůĂĕĆŽ Ă ĐşƌĐƵůŽƐ͕ TODáS ĂƐ ƌĞůĂĕƁĞƐ
ŵĠƚƌŝĐĂƐ Ğŵ ƚƌŝąŶŐƵůŽƐ ƌĞƚąŶŐƵůŽƐ ;ŝŶĐůƵƐŝǀĞ Ž TĞŽƌĞŵĂ ĚĞ PŝƚĄŐŽƌĂƐͿ͕ Ă ƚƌŝŐŽŶŽŵĞƚƌŝĂ INTEIRá ŶĂƐĐĞ
ĚŽ ĐŽŶĐĞŝƚŽ ĚĞ ƐĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵŝŽƐ͕ ĞƚĐ͘ EŶƚĆŽ͕ ŽůŚĂŶĚŽ ƐĠƌŝŽ ƉƌĂ ǀŽĐġ͕ ĐŽŵ ġŶĨĂƐĞ ĞƵ ĚŝŐŽ͗
Ěġ ďĂƐƚĂŶƚĞ ĂƚĞŶĕĆŽ ƉĂƌĂ ĞƐƐĞ ƚſƉŝĐŽ͘ PĂƌĞĐĞ ƐŝŵƉůĞƐ͕ ŵĂƐ ŶĆŽ Ġ͘ VĂŵŽƐ ũƵŶƚŽƐ ƋƵĞ ƚƵĚŽ ĚĄ ĐĞƌƚŽ
ĂŽ ĮŶĂů͘ MĂƐ ƚĞŵŽƐ ĚĞ ŝƌ ũƵŶƚŽƐ͘ NĆŽ ŚŽƵǀĞ ĞŶƚĞŶĚŝŵĞŶƚŽ͍ UƐĞ ŶŽƐƐŽ ĨſƌƵŵ Ğŵ ŶŽƐƐĂ ƉůĂƚĂĨŽƌŵĂ
ŽŶůŝŶĞ Ğ ĨĂůĞ ĚŝƌĞƚĂŵĞŶƚĞ ĐŽŶŽƐĐŽ͘ TĞƌĞŝ ŵƵŝƚŽ ƉƌĂǌĞƌ Ğŵ ƟƌĂƌ ƚŽĚĂƐ ĂƐ ƐƵĂƐ ĚƷǀŝĚĂƐ͘

BŽŵ͕ ĂŽ ĂƐƐƵŶƚŽ͘ OďƐĞƌǀĞ Ž ƉĂƌ ĚĞ ĮŐƵƌĂƐ ĂďĂŝǆŽ͗

110◦ 110◦

160◦

120◦ α

β
160◦

120◦

14

4

8

10

12
α

β2

4

5

6

7A

B

C
D

E A ′

B ′

C ′ D ′

E ′

PĞƌĐĞďĞ ƋƵĞ ƐĞƵƐ ąŶŐƵůŽƐ ƐĆŽ ƚŽĚŽƐ ŝŐƵĂŝƐ͍ MĂƐ ƉĞƌĐĞďĞ ƚĂŵďĠŵ ƋƵĞ ĂƐ ĮŐƵƌĂƐ ŶĆŽ ƐĆŽ ĐŽŶŐƌƵͲ
ĞŶƚĞƐ͍ PŽŝƐ ďĞŵ͕ ŵĂƐ ŚĄ ƵŵĂ ƌĞůĂĕĆŽ ƐƵƉĞƌ ƷƟů ŶĞůĂƐ ƚĂŵďĠŵ͘

QƵĞƌŽ ƋƵĞ ǀŽĐġ ĨĂĕĂ ĞƐƐĂƐ ŽƉĞƌĂĕƁĞƐ ĚĞ ĚŝǀŝƐĆŽ ƋƵĞ ǀŽƵ ƚĞ ƐƵŐĞƌŝƌ ĂŐŽƌĂ͘ FĂĕĂ ƉƌŝŵĞŝƌŽ͗ AB

A ′B ′
͘

EŶĐŽŶƚƌŽƵ ƋƵĂŶƚŽ͍ áĐŚŽƵ 2͍ MƵŝƚŽ ďŽŵ͘ áŐŽƌĂ͕ ĨĂĕĂ ĞƐƐĂƐ ĂƋƵŝ͗ BC

B ′C ′
͕ CD

C ′D ′
͕ DE

D ′E ′
͕ AE

A ′E ′
͘ PŽŝƐ

ďĞŵ͘ EŶĐŽŶƚƌŽƵ ƌĞƐƵůƚĂĚŽ ƉĂƌĂ ƚŽĚĂƐ ĞůĂƐ͍ E ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ͕ ĞŶĐŽŶƚƌŽƵ 2 ƉĂƌĂ ƚŽĚĂƐ ĞůĂƐ͍ áŐŽƌĂ͕
ƉŽƌ ĐĂƵƐĂ ĚŝƐƐŽ Ğ ƉŽƌƋƵĞ ƐĞƵƐ ąŶŐƵůŽƐ ƐĆŽ ƚŽĚŽƐ ŝŐƵĂŝƐ͕ ƉŽĚĞŵŽƐ ĚŝǌĞƌ ƋƵĞ ĞƐƐĂƐ ĚƵĂƐ ĮŐƵƌĂƐ ƐĆŽ
ƐĞŵĞůŚĂŶƚĞƐ ;ĞƐĐƌĞǀĞͲƐĞABCDE ∼ A ′B ′C ′D ′E ′͕ ŽŶĚĞ ͞∼͟ Ġ Ž ƐşŵďŽůŽ ƋƵĞ ŝŶĚŝĐĂ ƐĞŵĞůŚĂŶĕĂ ĞŶƚƌĞ
ĚƵĂƐ ĮŐƵƌĂƐͿ͘

DĞ ĨŽƌŵĂ ŵĂŝƐ ƉƌĄƟĐĂ Ğ ƌĞƐƵŵŝĚĂ͕ ĂƋƵŝ ǀĆŽ ĂƐ ĚƵĂƐ ĐŽŶĚŝĕƁĞƐ ƉĂƌĂ ƋƵĞ ĚƵĂƐ ĮŐƵƌĂƐ ƐĞũĂŵ ĐŽŶƐŝͲ
ĚĞƌĂĚĂƐ ƐĞŵĞůŚĂŶƚĞƐ͗

ͻ ŽƐ ąŶŐƵůŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ ĚĞǀĞŵ ƐĞƌ ŝŐƵĂŝƐ͖

ͻ ŽƐ ůĂĚŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ ĚĞǀĞŵ ƚĞƌ ƌĂǌƁĞƐ ŝŐƵĂŝƐ͘

ϰϭ
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;ĂͿ 20
;ďͿ 24
;ĐͿ 30
;ĚͿ 32

R͗ NŽƐƐĂ ƉƌŝŵĞŝƌĂ ƋƵĞƐƚĆŽ ƋƵĞ ĞŶǀŽůǀĞ ƐĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵůŽƐ͘ OďƐĞƌǀĞ ŽƐ ƚƌŝąŶŐƵůŽƐ△AED Ğ
△ABC͘ SĞƌĄ ƋƵĞ ƐĆŽ ƐĞŵĞůŚĂŶƚĞƐ͍ CŽŵŽ ĞƐƐĞ Ġ Ž ŶŽƐƐŽ ƉƌŝŵĞŝƌŽ ĞǆĞƌĐşĐŝŽ ĚĞ ƐĞŵĞůŚĂŶĕĂ͕
ƌĞƐƵŵŝƌĞŝ ƉĂƐƐŽ Ă ƉĂƐƐŽ ĐŽŵŽ ƉŽĚĞŵŽƐ ĐŽŶĐůƵŝƌ ƋƵĞ ĚĞ ĨĂƚŽ ƐĆŽ͘ RĞĚĞƐĞŶŚĞŝ Ž ƚƌŝąŶŐƵůŽ ĚŽ
ĞŶƵŶĐŝĂĚŽ ĐŽŵ ĂůŐƵŶƐ ąŶŐƵůŽƐ͗

α

α

β

β

A

DE

B
C

CŽŶƐĞŐƵĞ ǀĞƌ Ž ƉŽƌƋƵġ ĚĞ Ž ąŶŐƵůŽ ∠AED ƐĞƌ ŝŐƵĂů ĂŽ ąŶŐƵůŽ ∠ABC͍ IƐƐŽ ĂĐŽŶƚĞĐĞ ƉŽƌƋƵĞ ĂƐ
ƌĞƚĂƐDE Ğ BC ƐĆŽ ƉĂƌĂůĞůĂƐ͕ Ğ ƉŽƌƚĂŶƚŽ ƚĂŝƐ ąŶŐƵůŽƐ ƐĆŽ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ͘ DĂş Ɛſ ƉŽĚĞŵ ƐĞƌ ŝŐƵĂŝƐ͘

ϰϯ
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∠ADE ∠ACB

α β

α β

A

D
E

α β

A

B
C

(40 − x) cm

x60 cm

40 cm

(40− x) 40

EF x

40− x

40

40− x
=

60

x

40 · x = 60 · (40− x)

�
�
2

40 · x = ��
3

60 · (40− x) 20

2x = 3(40− x)

2x = 120− 3x

2x+ 3x = 120

5x = 120

x =
120

5

x = 24 .
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GĂďĂƌŝƚŽ͗ B

���;EEáRͲϮϬϭϳͿ QUESTÃO ϭϯ

SĞABC Ġ Ƶŵ ƚƌŝąŶŐƵůŽ͕ Ž ǀĂůŽƌ ĚĞ α Ġ

ϰϱ
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;ĂͿ 10◦

;ďͿ 15◦

;ĐͿ 20◦

;ĚͿ 25◦

R͗ VĞũĂ ƋƵĞ ŶŽ ƚƌŝąŶŐƵůŽABC͕ ƚĞŵŽƐ 3α+ 40◦ + B̂ = 180◦͕ Ğ ƉŽƌƚĂŶƚŽ B̂ = 140◦ − 3α ;ǀĞƌŝĮƋƵĞ͊Ϳ͘
EŶƚĆŽ͕ ŶŽ ƚƌŝąŶŐƵůŽ ABE ƉŽĚĞŵŽƐ ĨĂǌĞƌ α+ 70◦ + B̂ = 180◦͘ FĂǌĞŶĚŽ Ă ƐƵďƐƟƚƵŝĕĆŽ͗

α+ 70◦ + B̂ = 180◦

α+ 70◦ + 140◦ − 3α = 180◦

210◦ − 2α = 180◦

−2α = 180◦ − 210◦

−2α = −30◦

−2α = −30◦

2α = 30◦

α = 15◦.

���;EEáRͲϮϬϭϳͿ QUESTÃO ϭϰ

NŽ ƋƵĂĚƌŝůĄƚĞƌŽABCD͕ Ž ǀĂůŽƌ ĚĞ y− x Ġ ŝŐƵĂů Ă

ϰϲ
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;ĂͿ 2x
;ďͿ 2y
;ĐͿ x

2
;ĚͿ y

2

R͗ NŽ ƚƌŝąŶŐƵůŽ BCD͕ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ŶŽƐ ĨŽƌŶĞĐĞ͗

60◦ + 70◦ + x = 180◦

130◦ + x = 180◦

x = 180◦ − 130◦

x = 50◦.

áƐƐŝŵ͕ ŶŽ ƚƌŝąŶŐƵůŽABD͕ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ŶŽƐ ƉĞƌŵŝƚĞ ĐŽŶĐůƵŝƌ͗

y+ y+ x− 20◦ = 180◦

2y+ 50◦ − 20◦ = 180◦

2y+ 30◦ = 180◦

2y = 180◦ − 30◦

2y = 150◦

y = 75◦.

E ƉŽƌƚĂŶƚŽ y− x = 75◦ − 50◦ = 25◦͕ ƋƵĞ Ġ Ă ŵĞƚĂĚĞ ĚĞ 50◦͕ ůŽŐŽ Ġ ŝŐƵĂů ă ŵĞƚĂĚĞ ĚĞ x͘ EƐƐĞ ĮŶĂů Ăş
ƋƵĞ ƉŽĚĞƌŝĂ ŶŽƐ ĂƐƐƵƐƚĂƌ͘ MĂƐ ŶĆŽ ĂƐƐƵƐƚĂ ŵĂŝƐ͕ ĮĐĂƌĞŵŽƐ ƐƵƉĞƌ ĂĐŽƐƚƵŵĂĚŽƐ ĐŽŵ ĞƐƐĂƐ
ƉĞŐĂĚŝŶŚĂƐ͘ SŝŐĂŵŽƐ͊

GĂďĂƌŝƚŽ͗ C

���;EEáRͲϮϬϭϳͿ QUESTÃO ϭϱ

SĞũĂ Ƶŵ ƚƌŝąŶŐƵůŽABC͕ ĐŽŶĨŽƌŵĞ Ă ĮŐƵƌĂ͘

ϰϳ
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SĞ D Ğ E ƐĆŽ ƉŽŶƚŽƐ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕ ĚĞ AB Ğ AC͕ ĚĞ ĨŽƌŵĂ ƋƵĞ AD = 4͕ DB = 8͕ DE = x͕
BC = y͕ Ğ ƐĞDE//BC͕ ĞŶƚĆŽ

;ĂͿ y = x+ 8

;ďͿ y = x+ 4

;ĐͿ y = 3x

;ĚͿ y = 2x

R͗ OƐ ƚƌŝąŶŐƵůŽƐADE ĞABC ƐĆŽ ƐĞŵĞůŚĂŶƚĞƐ ;ǀĞƌŝĮƋƵĞ ƋƵĞ ĚŽŝƐ ąŶŐƵůŽƐ ƐĆŽ ŝŐƵĂŝƐͿ͘ SĞƉĂƌĞŵŽƐ
ŽƐ ĚŽŝƐ ƚƌŝąŶŐƵůŽƐ ƉĂƌĂ ƉŽĚĞƌŵŽƐ ĂŶĂůŝƐĂƌ ŵĞůŚŽƌ͗

A

B C

A

D Exy

4

12

VĞũĂ ƋƵĞAB = 12 ƉŽŝƐAD = 4 ĞDB = 8͕ Ğ ĐŽŵŽAB = AD+DB͕ ƚĞŵŽƐAB = 4+ 8 = 12͘
áƉůŝĐĂŶĚŽ Ă ĐŽŶĚŝĕĆŽ ĚĞ ƐĞŵĞůŚĂŶĕĂ͗

12

4
=

y

x

3 =
y

x

y = 3x.

GĂďĂƌŝƚŽ͗ C

ϰϴ
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���;EEáRͲϮϬϭϲͿ QUESTÃO ϭϲ

Uŵ ƚƌŝąŶŐƵůŽ ABC ĚĞ ďĂƐĞ BC = (x + 2) ƚĞŵ ƐĞƵƐ ůĂĚŽƐ AB Ğ AC ŵĞĚŝŶĚŽ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕
(3x− 4) Ğ (x+ 8)͘ SĞŶĚŽ ĞƐƚĞ ƚƌŝąŶŐƵůŽ ŝƐſƐĐĞůĞƐ͕ Ă ŵĞĚŝĚĂ ĚĂ ďĂƐĞ BC Ġ

;ĂͿ 4
;ďͿ 6
;ĐͿ 8
;ĚͿ 10

R͗ CŽŵŽ Ă ďĂƐĞ Ġ BC͕ ŽƐ ůĂĚŽƐ ĐŽŶŐƌƵĞŶƚĞƐ ;͞ŝŐƵĂŝƐ͟Ϳ ƐĆŽ ŽƐ ůĂĚŽƐ AB ĞAC͕ ƋƵĞ ŵĞĚĞŵ 3x− 4 Ğ
x+ 8͘ LŽŐŽ͗

3x− 4 = x+ 8

3x− x = 8+ 4

2x = 12

x = 6.

PŽƌĠŵ͕ ĞƐƚĂŵŽƐ ŝŶƚĞƌĞƐƐĂĚŽƐ Ğŵ ĂĐŚĂƌ Ă ďĂƐĞ ĚĞƐƐĞ ƚƌŝąŶŐƵůŽ͕ ƋƵĞ ŵĞĚĞ x+ 2͖ ƉŽƌƚĂŶƚŽ Ă ďĂƐĞ
ŵĞĚĞ 6+ 2 = 8Đŵ͘

GĂďĂƌŝƚŽ͗ C

���;EEáRͲϮϬϭϱͿ QUESTÃO ϭϳ

SĞũĂ ABC Ƶŵ ƚƌŝąŶŐƵůŽ ŝƐſƐĐĞůĞƐ ĚĞ ďĂƐĞ BC = (x + 3)Đŵ͕ ĐŽŵ AB = (x + 4)Đŵ Ğ AC =

(3x− 10)Đŵ͘ á ďĂƐĞ ĚĞABCŵĞĚĞ Đŵ͘

;ĂͿ 4
;ďͿ 6
;ĐͿ 8
;ĚͿ 10

ϰϵ
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R͗ CŽŵĞĕĂŵŽƐ ŶŽǀĂŵĞŶƚĞ ǀĞŶĚŽ ƋƵĞ ĐŽŵŽ Ă ďĂƐĞ Ġ BC͕ ŽƐ ůĂĚŽƐ ĐŽŶŐƌƵĞŶƚĞƐ ;͞ŝŐƵĂŝƐ͟Ϳ ƐĆŽ ŽƐ
ůĂĚŽƐAB ĞAC͕ ƋƵĞ ŵĞĚĞŵ x+ 4 Ğ 3x− 10͘ LŽŐŽ͗

3x− 10 = x+ 4

3x− x = 10+ 4

2x = 14

x = 7.

PŽƌĠŵ͕ ĞƐƚĂŵŽƐ ŝŶƚĞƌĞƐƐĂĚŽƐ Ğŵ ĂĐŚĂƌ Ă ďĂƐĞ ĚĞƐƐĞ ƚƌŝąŶŐƵůŽ͕ ƋƵĞ ŵĞĚĞ x+ 3͖ ƉŽƌƚĂŶƚŽ Ă ďĂƐĞ
ŵĞĚĞ 7+ 3 = 10Đŵ͘

GĂďĂƌŝƚŽ͗ D

���;EEáRͲϮϬϭϮͿ QUESTÃO ϭϴ

NƵŵ ƚƌŝąŶŐƵůŽ RST Ă ŵĞĚŝĚĂ ĚŽ ąŶŐƵůŽ ŝŶƚĞƌŶŽ R Ġ 68◦ Ğ ĚŽ ąŶŐƵůŽ ĞǆƚĞƌŶŽ S Ġ 105◦͘ EŶƚĆŽ Ž
ąŶŐƵůŽ ŝŶƚĞƌŶŽ T ŵĞĚĞ

;ĂͿ 52◦͘
;ďͿ 45◦͘
;ĐͿ 37◦͘
;ĚͿ 30◦͘

R͗ DĞƐĞŶŚĞŵŽƐ Ă ĮŐƵƌĂ͗

T

R S

68
◦

α

105
◦

ϱϬ
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JĄ ĨĂůĂŵŽƐ ĚŝǀĞƌƐĂƐ ǀĞǌĞƐ͗ Ƶŵ ąŶŐƵůŽ ĞǆƚĞƌŶŽ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ Ġ ƐĞŵƉƌĞ ŝŐƵĂů ă ƐŽŵĂ ĚŽƐ ŝŶƚĞƌŶŽƐ
ŶĆŽͲĂĚũĂĐĞŶƚĞƐ͘ EŶƚĆŽ͗

α+ 68◦ = 105◦

α = 105◦ − 68◦

α = 37◦.

���;EEáRͲϮϬϭϬͿ QUESTÃO ϭϵ

SĞ Ž ƚƌŝąŶŐƵůŽ CDE Ġ ƐĞŵĞůŚĂŶƚĞ ĂŽ ƚƌŝąŶŐƵůŽABC͕ Ž ǀĂůŽƌ ĚĞ |a− b| Ġ

;ĂͿ 30◦͘
;ďͿ 45◦͘
;ĐͿ 60◦͘
;ĚͿ 90◦͘

R͗ áŶƚĞƐ ĚĞ ƋƵĂůƋƵĞƌ ĐŽŝƐĂ͕ ǀĞũĂ ƋƵĞ ƉŽĚĞŵŽƐ ĐĂůĐƵůĂƌ x͘ VĞũĂ ƋƵĞ ŶŽ ƚƌŝąŶŐƵůŽ ABC Ă ƐŽŵĂ ĚŽƐ
ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ŶŽƐ ĚĄ͗

2x+ x+ 90◦ = 180◦

3x = 180◦ − 90◦

3x = 90◦

x = 30◦.

áŐŽƌĂ ǀĂŵŽƐ Ă ƵŵĂ ĂƌŐƵŵĞŶƚĂĕĆŽ ƌĄƉŝĚĂ͘ EůĞ ŶŽƐ Ěŝǌ ƋƵĞ ŽƐ ƚƌŝąŶŐƵůŽƐ CDE ĞABC ƐĆŽ
ƐĞŵĞůŚĂŶƚĞƐ͕ ĐĞƌƚŽ͍ EŶƚĆŽ ĞƐƐĞƐ ƚƌŝąŶŐƵůŽƐ ƚġŵ ĚĞ ƚĞƌ ąŶŐƵůŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ ŝŐƵĂŝƐ͘ PŽŝƐ ďĞŵ͘
Uŵ ĚŽƐ ąŶŐƵůŽƐ ĚĞABC Ġ ƌĞƚŽ͘ EŶƚĆŽ Ƶŵ ĚŽƐ ąŶŐƵůŽƐ ĚĞ CDE ƚĂŵďĠŵ ƚĞŵ ĚĞ ƐĞƌ ƌĞƚŽ͘ É ĐůĂƌŽ

ϱϭ
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ƋƵĞ ŶĆŽ Ġ x͕ ƉŽŝƐ ǀĂůĞ 30◦͘ SŽďƌĂŵ ĞŶƚĆŽ a Ğ b͘ CŽŵŽDE ŶĆŽ Ġ ƉĂƌĂůĞůŽ ĂAB͕ b ŶĆŽ ƉŽĚĞ ƐĞƌ Ž
ąŶŐƵůŽ ƌĞƚŽ͘ IƐƐŽ ŶŽƐ Ěŝǌ ĞŶƚĆŽ ƋƵĞ ƐŽŵĞŶƚĞ a ƉŽĚĞ ƐĞƌ ƚĂů ąŶŐƵůŽ͕ Ğ ƉŽƌƚĂŶƚŽ a = 90◦͘ áŐŽƌĂ
ĞƋƵĂĐŝŽŶĞ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ĚĞ CDE :

a+ b+ x = 180◦

90◦ + b+ 30◦ = 180◦

120◦ + b = 180◦

b = 180◦ − 120◦

b = 60◦.

DĂş |a− b| = |90◦ − 60◦| = |30◦| = 30◦͘

GĂďĂƌŝƚŽ͗ á

���;EEáRͲϮϬϬϵͿ QUESTÃO ϮϬ

NĂ ĮŐƵƌĂ͕MN//BC͘

SĞAB = 30Đŵ͕ ĞŶƚĆŽMBŵĞĚĞ͕ Ğŵ Đŵ͕

;ĂͿ 5͘
;ďͿ 10͘
;ĐͿ 15͘
;ĚͿ 20͘

R͗ EƐƐĂ Ġ ŶŽǀĂŵĞŶƚĞ ƵŵĂ ƋƵĞƐƚĆŽ ĚĞ ƐĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵůŽƐ͘ OƐ ƚƌŝąŶŐƵůŽƐ ABC ĞAMN ƐĆŽ
ƚƌŝąŶŐƵůŽƐ ƐĞŵĞůŚĂŶƚĞƐ͘ TĞŶƚĞ ǀĞƌŝĮĐĂƌ ŝƐƐŽ͕ ŵŽƐƚƌĂŶĚŽ ƋƵĞ ŚĄ ĚŽŝƐ ąŶŐƵůŽƐ ŝŐƵĂŝƐ ĞŶƚƌĞ ĞůĞƐ͘ BŽŵ͕
ǀĂŵŽƐ ĞŶƚĆŽ ă ƌĞƐŽůƵĕĆŽ͘ CŚĂŵĂƌĞŝ Ž ƐĞŐŵĞŶƚŽ ƉĞĚŝĚŽ ĚĞ x͘ OďƐĞƌǀĞ ĂƐ ĐŽŶƐĞƋƵġŶĐŝĂƐ ĚŝƐƐŽ͗
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=
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ABC 42◦
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;ďͿ 48◦͘
;ĐͿ 58◦͘
;ĚͿ 69◦͘

R͗ CŽŵŽ ŚĄ ĚŽŝƐ ůĂĚŽƐ ĐŽŶŐƌƵĞŶƚĞƐ͕ Ž ƚƌŝąŶŐƵůŽ Ġ ŝƐſƐĐĞůĞƐ͘ PŽƌƚĂŶƚŽ͕ ƉŽĚĞ ƐĞƌ ĚĞƐĞŶŚĂĚŽ ĐŽŵŽ
ƐĞŐƵĞ͗

42
◦

α α

DĂş͕ ĨĂǌĞŶĚŽ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ;ǀĞũĂ Ă ƋƵĂŶƟĚĂĚĞ ĚĞ ǀĞǌĞƐ ƋƵĞ ũĄ ĮǌĞŵŽƐ ŝƐƐŽͿ͗

42◦ + α+ α = 180◦

2α = 180◦ − 42◦

2α = 138◦

α = 69◦.

GĂďĂƌŝƚŽ͗ D

���;EEáRͲϮϬϬϴͿ QUESTÃO ϮϮ

NĂ ĮŐƵƌĂ͕AB = AC Ğ BC = CM͘ O ǀĂůŽƌ ĚĞ x Ġ
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;ĂͿ 50◦͘
;ďͿ 45◦͘
;ĐͿ 42◦͘
;ĚͿ 38◦͘

R͗ VŝƐƚŽ ƋƵĞAB = AC͕ ƉŽĚĞͲƐĞ ĂĮƌŵĂƌ ƋƵĞ Ž ƚƌŝąŶŐƵůŽABC Ġ ŝƐſƐĐĞůĞƐ͘ áƐƐŝŵ͕ ƚĞŵŽƐ͗

38
◦

α

α

x

OƐ ĚŽŝƐ ąŶŐƵůŽƐ α ƐĆŽ ĚĞ ĨĂƚŽ ŝŐƵĂŝƐ ĚĞǀŝĚŽ ĂŽ ĨĂƚŽ ĚŽ ƚƌŝąŶŐƵůŽ ABC ƐĞƌ ŝƐſƐĐĞůĞƐ͘ CŽŵŽ Ă ƐŽŵĂ
ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ Ġ 180◦͕ ƚĞŵŽƐ͗

α+ α+ 38◦ = 180◦

α = 71◦.

MĂƐ ǀĞũĂ ƋƵĞ͕ ƐĞŐƵŶĚŽ Ž ĞŶƵŶĐŝĂĚŽ͕ BC = CM͕ Ğ ƉŽƌƚĂŶƚŽ△BCM ƚĂŵďĠŵ Ġ ŝƐſƐĐĞůĞƐ͕ Ğ ƉŽƌƚĂŶƚŽ
ŶŽƐƐĂ ĮŐƵƌĂ ƐĞ ƚŽƌŶĂ͗

38
◦

71
◦

x

71
◦

E ĚĂş͕ ĞƋƵĂĐŝŽŶĂŶĚŽ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ Ğŵ BCM͗

x+ 71◦ + 71◦ = 180◦

x = 180◦ − 142◦

x = 38◦.

GĂďĂƌŝƚŽ͗ D
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ϰ͘Ϭ C�6®�Ä�Ý � ÖÊÄãÊÝ ÄÊã�6�®Ý

EƐƐĞ ĐŽŶƚĞƷĚŽ ŶĆŽ ƐĞƌĄ ŵƵŝƚŽ ĂƉƌŽĨƵŶĚĂĚŽ ĂƋƵŝ ƉĞůĂ ƐƵƉĞƌĮĐŝĂůŝĚĂĚĞ ĐŽŵ Ă ƋƵĂů Ġ ĐŽďƌĂĚŽ ŶŽ ĐŽŶͲ
ĐƵƌƐŽ ĚĂ ESá͘ DĞǀĞŵŽƐ ĞƐƐĞŶĐŝĂůŵĞŶƚĞ ĐŽŶŚĞĐĞƌ ĂƐ ƉƌŝŶĐŝƉĂŝƐ ĐĞǀŝĂŶĂƐ Ğ ĐŽŶŚĞĐĞƌ ƐƵĂƐ ƉƌŝŶĐŝƉĂŝƐ
ƉƌŽƉƌŝĞĚĂĚĞƐ͘ VĂŵŽƐ ĞŶƚĆŽ ĨĂůĂƌ ĚŽ ĂƐƐƵŶƚŽ͘

ϰ͘ϭ C�6®�Ä�Ý

Eŵ Ƶŵ ƚƌŝąŶŐƵůŽ͕ ĐŚĂŵĂŵŽƐ ĚĞ ĐĞǀŝĂŶĂƐ ƋƵĂŝƐƋƵĞƌ ƌĞƚĂƐ ƋƵĞ ƉĂƐƐĞŵ ƉĞůŽ ǀĠƌƟĐĞ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ
Ğ ƋƵĞ ŶĆŽ ƐĞũĂ ƉĂƌĂůĞůĂ Ă ŶĞŶŚƵŵ ĚĞ ƐĞƵƐ ůĂĚŽƐ͘ ĞǆŝƐƚĞŵ ĞƐƐĞŶĐŝĂůŵĞŶƚĞ ƚƌġƐ ĐĞǀŝĂŶĂƐ ƋƵĞ ĚĞǀĞŵŽƐ
ĚĂƌ ƵŵĂ ŵĂŝŽƌ ĂƚĞŶĕĆŽ͗

ͻ MĞĚŝĂŶĂ͗ É Ă ĐĞǀŝĂŶĂ ƋƵĞ ĐŽƌƚĂ Ž ůĂĚŽ ŽƉŽƐƚŽ ĂŽ ǀĠƌƟĐĞ ĂŽŵĞŝŽ͘ VĞũĂ Ƶŵ ĞǆĞŵƉůŽ ĚĞ ŵĞĚŝĂŶĂ͘

x x

VĞũĂ ƋƵĞ ĞůĂ ĚĞ ĨĂƚŽ ĐŽƌƚĂ Ž ůĂĚŽ ŽƉŽƐƚŽ Ğŵ ŵĞƚĂĚĞƐ͘

ͻ áůƚƵƌĂ͗ É Ă ĐĞǀŝĂŶĂ ƋƵĞ ĐŽƌƚĂ Ž ůĂĚŽ ŽƉŽƐƚŽ ĂŽ ǀĠƌƟĐĞ ƉĞƌƉĞŶĚŝĐƵůĂƌŵĞŶƚĞ͘ VĞũĂ Ƶŵ ĞǆĞŵƉůŽ ĚĞ
ĂůƚƵƌĂ͘

x x

VĞũĂ ƋƵĞ ĞůĂ ĚĞ ĨĂƚŽ Ġ ƉĞƌƉĞŶĚŝĐƵůĂƌ ĂŽ ůĂĚŽ ŽƉŽƐƚŽ͘

ͻ BŝƐƐĞƚƌŝǌ͗ JĄ ĂŶĂůŝƐĂĚĂ͕ ĞůĂ ĚŝǀŝĚĞ Ž ąŶŐƵůŽ Ğŵ ŵĞƚĂĚĞƐ͘ PĂƌƚĞ ƐĞŵƉƌĞ ĚĞ Ƶŵ ǀĠƌƟĐĞ͕ ĐŽŵŽ ũĄ
ǀŝƐƚŽ ŶŽ ĐŽŵĞĕŽ ĚĞ ŶŽƐƐŽ ŵĂƚĞƌŝĂů͘
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MĞĚŝĂƚƌŝǌ

É ƵŵĂ ĐŽŶƐƚƌƵĕĆŽ ă ƉĂƌƚĞ͘ TƌĂƚĂͲƐĞ ĚĞ ƵŵĂ ƌĞƚĂ ƋƵĞ ĚŝǀŝĚĞ Ƶŵ ƐĞŐŵĞŶƚŽ ƋƵĂůƋƵĞƌ ƉĞƌƉĞŶĚŝĐƵůĂƌͲ
ŵĞŶƚĞ ĂŽ ŵĞŝŽ͘ VĞũĂ ĞŶƚĆŽ Ž ƐĞŐŵĞŶƚŽ Ă ƐĞŐƵŝƌ͗

r

A

B

x

x

á ƌĞƚĂ r ƌĞƉƌĞƐĞŶƚĂĚĂ ŶĂ ĮŐƵƌĂ Ġ ƵŵĂŵĞĚŝĂƚƌŝǌ͕ ƉŽŝƐ ĂůĠŵ ĚĞ ĚŝǀŝĚŝƌ Ž ƐĞŐŵĞŶƚŽ ĂŽŵĞŝŽ͕ ƚĂŵďĠŵ
ůŚĞ Ġ ƉĞƌƉĞŶĚŝĐƵůĂƌ͘ EƐƐĂƐ ĐŽŶƐƚƌƵĕƁĞƐ ƐĆŽ ŝŵƉŽƌƚĂŶƚĞƐ ƉƌŝŶĐŝƉĂůŵĞŶƚĞ ƉĂƌĂ ůŝĚĂƌŵŽƐ ĐŽŵ ŽƐ ƚĞƌŵŽƐ
Ğ Ă ůŝŶŐƵĂŐĞŵ ƋƵĞ ĂůŐƵŵĂƐ ƋƵĞƐƚƁĞƐ ƉŽĚĞŵ ǀŝƌ Ă ƚĞƌ͘

ϰ͘Ϯ PÊÄãÊÝ ÄÊã�6�®Ý �Ê ãÙ®�Ä¦ç½Ê

áƐ ĐĞǀŝĂŶĂƐ ƋƵĞ ĂĐĂďĂŵŽƐ ĚĞ ĐŝƚĂƌ ;ŵĞĚŝĂŶĂ͕ ĂůƚƵƌĂ Ğ ďŝƐƐĞƚƌŝǌͿ ƚġŵ ƵŵĂ ĐĂƌĂĐƚĞƌşƐƟĐĂ ĞƐƉĞĐŝĂů͘
QƵĂŶĚŽ ĚĞƐĞŶŚĂĚĂƐ ƉŽƌ ĐŽŵƉůĞƚŽ Ğŵ Ƶŵ ƚƌŝąŶŐƵůŽ͕ ĞůĂƐ ƐĞŵƉƌĞ ƐĞ ĞŶĐŽŶƚƌĂŵ ŶƵŵ ƉŽŶƚŽ ƷŶŝĐŽ͘
VĞũĂŵŽƐ ĐĂĚĂ Ƶŵ ĚĞƐƐĞƐ ƉŽŶƚŽƐ͗

ͻ BĂƌŝĐĞŶƚƌŽ͗ É Ž ĞŶĐŽŶƚƌŽ ĚĂƐ ŵĞĚŝĂŶĂƐ ĚŽ ƚƌŝąŶŐƵůŽ͘ SƵĂ ĐĂƌĂĐƚĞƌşƐƟĐĂ ƉƌŝŶĐŝƉĂů Ġ Ă ĚĞ ĚŝǀŝĚŝƌ Ă
ŵĞĚŝĂŶĂ Ğŵ ĚŽŝƐ ƉĞĚĂĕŽƐ͕ Ž ŵĂŝŽƌ ƐĞŶĚŽ Ž ƐŽďƌŽ ĚŽ ŵĞŶŽƌ͘ VĞũĂ͗

x

2x

y
2y

z

2z

O ƉŽŶƚŽ ĚĞ ĞŶĐŽŶƚƌŽ Ġ Ž ďĂƌŝĐĞŶƚƌŽ͘

ͻ OƌƚŽĐĞŶƚƌŽ͗ É Ž ĞŶĐŽŶƚƌŽ ĚĂƐ ĂůƚƵƌĂƐ ĚŽ ƚƌŝąŶŐƵůŽ͘ O ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ Ă ƐĂďĞƌŵŽƐ ĂƋƵŝ Ġ ƋƵĞ
Ž ŽƌƚŽĐĞŶƚƌŽ ŶĞŵ ƐĞŵƉƌĞ ƐĞ ĞŶĐŽŶƚƌĂ ŶŽ ŝŶƚĞƌŝŽƌ ĚŽ ƚƌŝąŶŐƵůŽ͘ SĞ Ž ƚƌŝąŶŐƵůŽ ĨŽƌ ĂĐƵƚąŶŐƵůŽ
ĞƐƚĂƌĄ Ğŵ ƐĞƵ ŝŶƚĞƌŝŽƌ͘ SĞ ĨŽƌ ƌĞƚąŶŐƵůŽ ĞƐƚĂƌĄ ƐŽďƌĞ Ž ǀĠƌƟĐĞ ƌĞƚŽ͘ E ƐĞ ĨŽƌ ŽďƚƵƐąŶŐƵůŽ͕ ĞƐƚĂƌĄ
ĨŽƌĂ ĚŽ ƚƌŝąŶŐƵůŽ͘ NĆŽ ƉƌĞĐŝƐĂ ƐĞ ƉƌĞŽĐƵƉĂƌ ĐŽŵ ĐĄůĐƵůŽƐ ŶĞŵ ŶĂĚĂ ĚŽ ƟƉŽ ĐŽŵ Ž ŽƌƚŽĐĞŶƚƌŽ
ŶĆŽ͘ áƉĞŶĂƐ ĞƐƐĂ ůĞǀĞ ƚĞŽƌŝĂ͕ ĮƋƵĞ ƚƌĂŶƋƵŝůŽ͘
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ͻ IŶĐĞŶƚƌŽ͗ É Ž ĞŶĐŽŶƚƌŽ ĚĂƐ ďŝƐƐĞƚƌŝǌĞƐ ĚŽ ƚƌŝąŶŐƵůŽ͘ SƵĂ ŐƌĂŶĚĞ ĐĂƌĂĐƚĞƌşƐƟĐĂ Ġ ƐĞƌ ĐĞŶƚƌŽ ĚŽ
ĐşƌĐƵůŽ ŝŶƐĐƌŝƚŽ ŶŽ ƚƌŝąŶŐƵůŽ͘ VĞũĂ͗

IŶƐĐƌŝĕĆŽ ĚĞ ĐşƌĐƵůŽƐ Ğŵ ƉŽůşŐŽŶŽƐ ƐĞƌĄ ĞƐƚƵĚĂĚŽ ƉŽƐƚĞƌŝŽƌŵĞŶƚĞ͘ MĂƐ ƐĞŵƉƌĞ ƋƵĞ Ƶŵ ĐşƌĐƵůŽ
ĨŽƌ ŝŶƐĐƌŝƚŽ Ğŵ Ƶŵ ƚƌŝąŶŐƵůŽ͕ ƐĞƵ ĐĞŶƚƌŽ ƐĞƌĄ Ž ĞŶĐŽŶƚƌŽ ĚĂƐ ďŝƐƐĞƚƌŝǌĞƐ͘

ͻ CŝƌĐƵŶĐĞŶƚƌŽ͗ É Ž ĞŶĐŽŶƚƌŽ ĚĂƐ ŵĞĚŝĂƚƌŝǌĞƐ ĚŽƐ ůĂĚŽƐ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ͘ á ĐĂƌĂĐƚĞƌşƐƟĐĂ ŵĂƌĐĂŶƚĞ
ĚĞƐƐĞ ƉŽŶƚŽ Ġ ƋƵĞ ĞůĞ Ġ Ž ĐĞŶƚƌŽ ĚŽ ĐşƌĐƵůŽ ĐŝƌĐƵŶƐĐƌŝƚŽ ĂŽ ƚƌŝąŶŐƵůŽ͘ VĞũĂ͗

OƐ ƉŽŶƚŽƐ ŶŽƚĄǀĞŝƐ ĚĞǀĞŵ ƐĞƌ͕ ƉŽƌ ĞŶƋƵĂŶƚŽ͕ ĂƉĞŶĂƐ ĐŽŵƉƌĞĞŶĚŝĚŽƐ Ğŵ ƐƵĂƐ ĚĞĮŶŝĕƁĞƐ͘ É ŝŵͲ
ƉŽƌƚĂŶƚĞ ƋƵĞ ĞŶƚĞŶĚĂŵŽƐ ƋƵĂŝƐ ĐĞǀŝĂŶĂƐ ƋƵĞ ŽƐ ŐĞƌĂŵ Ğ ƐƵĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ͘ FŝŶĂůŝǌĂƌĞŵŽƐ ĂŐŽƌĂ
ĐŽŵ ĂůŐƵŶƐ ĞǆĞƌĐşĐŝŽƐ ǀĂƌŝĂĚŽƐ Ğ ĂƚĠ Ă ƉƌſǆŝŵĂ ĂƵůĂ͘ JƵşǌŽ ŶĞƐƐĂ ĐĂďĞĕĂ͕ ŶĂĚĂ ĚĞ ĮĐĂƌ ĂĐŚĂŶĚŽ ƚƵĚŽ
ĚŝİĐŝů͕ ŝŵƉŽƐƐşǀĞů͘ TŝƌĞ ƐĞŵƉƌĞ ĂƐ ƐƵĂƐ ĚƷǀŝĚĂƐ͕ ŶĆŽ ƐĞ ĞƐƋƵĞĕĂ͘ Uŵ ŐƌĂŶĚĞ ĂďƌĂĕŽ͊
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���;EEáRͲϮϬϬϴͿ QUESTÃO Ϯϯ

DĂĚŽ Ƶŵ ƚƌŝąŶŐƵůŽ ƋƵĂůƋƵĞƌ͕ Ġ FáLSO ĂĮƌŵĂƌ ƋƵĞ

;ĂͿ ƵŵĂ ĚĞ ƐƵĂƐ ĂůƚƵƌĂƐ ƉŽĚĞ ĐŽŝŶĐŝĚŝƌ ĐŽŵ Ƶŵ ĚĞ ƐĞƵƐ ůĂĚŽƐ͘
;ďͿ ƐƵĂƐ ĂůƚƵƌĂƐ ƉŽĚĞŵ ŝŶƚĞƌĐĞƉƚĂƌͲƐĞ ŶƵŵ ƉŽŶƚŽ ĞǆƚĞƌŶŽ Ă ĞůĞ͘
;ĐͿ Ž ŝŶĐĞŶƚƌŽ Ġ Ž ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ŶĞůĞ ŝŶƐĐƌŝƚĂ͘
;ĚͿ Ž ĐŝƌĐƵŶĐĞŶƚƌŽ Ġ Ž ĞŶĐŽŶƚƌŽ ĚĂƐ ƐƵĂƐ ŵĞĚŝĂŶĂƐ͘

R͗ áŶĂůŝƐĞŵŽƐ ĂĮƌŵĂƟǀĂ ƉŽƌ ĂĮƌŵĂƟǀĂ͗

ͻ ƵŵĂ ĚĞ ƐƵĂƐ ĂůƚƵƌĂƐ ƉŽĚĞ ĐŽŝŶĐŝĚŝƌ ĐŽŵ Ƶŵ ĚĞ ƐĞƵƐ ůĂĚŽƐ͗ Sŝŵ͕ ĚĞ ĨĂƚŽ͕ ƋƵĂŶĚŽ Ƶŵ ƚƌŝąŶŐƵůŽ Ġ
ƌĞƚąŶŐƵůŽ͕ ƐĞƵƐ ĐĂƚĞƚŽƐ ĞǆĞƌĐĞŵ ƉĂƉĞů ĚĞ ĂůƚƵƌĂ ;ƉŽƌƋƵĞ ƐĆŽ ƉĞƌƉĞŶĚŝĐƵůĂƌĞƐ ĞŶƚƌĞ ƐŝͿ͘

ͻ ƐƵĂƐ ĂůƚƵƌĂƐ ƉŽĚĞŵ ŝŶƚĞƌĐĞƉƚĂƌͲƐĞ ŶƵŵ ƉŽŶƚŽ ĞǆƚĞƌŶŽ Ă ĞůĞ͗ Sŝŵ͕ ƉŽĚĞŵ͕ ƋƵĂŶĚŽ Ž ƚƌŝąŶŐƵůŽ Ġ
ŽďƚƵƐąŶŐƵůŽ͘

ͻ Ž ŝŶĐĞŶƚƌŽ Ġ Ž ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ŶĞůĞ ŝŶƐĐƌŝƚĂ͗ Sŝŵ͕ Ġ Ă ƉƌŝŶĐŝƉĂů ƉƌŽƉƌŝĞĚĂĚĞ ĚŽ ŝŶĐĞŶƚƌŽ͕
ƚƌĂƚĂͲƐĞ ĚŽ ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ŝŶƐĐƌŝƚĂ ŶŽ ƚƌŝąŶŐƵůŽ͘

ͻ Ž ĐŝƌĐƵŶĐĞŶƚƌŽ Ġ Ž ĞŶĐŽŶƚƌŽ ĚĂƐ ƐƵĂƐ ŵĞĚŝĂŶĂƐ͗ FĂůƐŽ͊ O ĐŝƌĐƵŶĐĞŶƚƌŽ Ġ Ž ĞŶĐŽŶƚƌŽ ĚĂƐ
ŵĞĚŝĂƚƌŝǌĞƐ͊ EŶĐŽŶƚƌŽ ĚĂƐ ŵĞĚŝĂŶĂƐ Ġ Ž ďĂƌŝĐĞŶƚƌŽ͕ ĐĞƌƚŽ͍

���;EEáRͲϮϬϬϳͿ QUESTÃO Ϯϰ

SĞŶĚŽ E Ž ďĂƌŝĐĞŶƚƌŽ ĚŽ ƚƌŝąŶŐƵůŽ ABC͕AE = 10Đŵ͕ EN = 6Đŵ͕ Ğ CE = 14Đŵ͕ Ž ǀĂůŽƌ͕ Ğŵ Đŵ͕
ĚĞ x+ y+ z Ġ
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;ĂͿ 18͘
;ďͿ 20͘
;ĐͿ 22͘
;ĚͿ 24͘

R͗ CŽŵŽAE = 10Đŵ͕ME = z = 5Đŵ͕ ƉŽŝƐ Ġ Ă ŵĞƚĂĚĞ ;ƉƌŽƉƌŝĞĚĂĚĞ ĚŽ ďĂƌŝĐĞŶƚƌŽͿ͘ O ŵĞƐŵŽ
ǀĂůĞ ƉĂƌĂ EN = 6Đŵ͕ ĨĂǌĞŶĚŽ ĐŽŵ ƋƵĞ BE = y = 12Đŵ͖ Ğ CE = 14Đŵ ĨĂǌĞŶĚŽ ĐŽŵ ƋƵĞ x = 7Đŵ͘
DĂş x+ y+ z = 7+ 12+ 5 = 24Đŵ͘

GĂďĂƌŝƚŽ͗ D

���;EEáRͲϮϬϭϬͿ QUESTÃO Ϯϱ

NĂ ĮŐƵƌĂ͕AH Ġ ĂůƚƵƌĂ ĚŽ ƚƌŝąŶŐƵůŽABC͘

áƐƐŝŵ͕ Ž ǀĂůŽƌ ĚĞ x Ġ

;ĂͿ 20◦͘
;ďͿ 15◦͘
;ĐͿ 10◦͘
;ĚͿ 5◦͘

R͗ OůŚĂŶĚŽ ƉĂƌĂ Ž ƚƌŝąŶŐƵůŽ AHB͕ ďĂƐƚĂ ƐŽŵĂƌŵŽƐ ŽƐ ƐĞƵƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ͕ ǀŝƐƚŽ ƋƵĞ AH Ġ Ă
ĐĞǀŝĂŶĂ ĂůƚƵƌĂ͗

30◦ + 50◦ + x+ 90◦ = 180◦

170◦ + x = 180◦

x = 10◦.
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���;EEáRͲϮϬϬϲͿ QUESTÃO Ϯϲ

NƵŵ ƚƌŝąŶŐƵůŽABC͕ Ž ąŶŐƵůŽBÊCŵĞĚĞ 114◦͘ SĞE Ġ Ž ŝŶĐĞŶƚƌŽ ĚĞABC͕ ĞŶƚĆŽ Ž ąŶŐƵůŽ ÂŵĞĚĞ

;ĂͿ 44◦͘
;ďͿ 48◦͘
;ĐͿ 56◦͘
;ĚͿ 58◦͘

R͗ PƌĞĐŝƐĂŵŽƐ ĚĞ ƵŵĂ ďŽĂ ĮŐƵƌĂ ƉĂƌĂ ĞƐƐĂ ƋƵĞƐƚĆŽ͗

B

A

C

114◦

E

α

α

β

β

x

VĞũĂ ƋƵĞ ŶŽ ƚƌŝąŶŐƵůŽ BEC͕ ƚĞŵŽƐ α+β+ 114◦ = 180◦͕ ŽƵ ƐĞũĂ͕ α+β = 66◦͘ E ŶŽ ƚƌŝąŶŐƵůŽABC͍
TĂŵďĠŵ ƉŽĚĞŵŽƐ ĨĂǌĞƌ Ž ŵĞƐŵŽ͕ ĐĞƌƚŽ͍ á ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ƐĞƌŝĂ͗

2α+ 2β+ x = 180◦

2(α+ β) + x = 180◦.

CŽŵŽ α+ β = 66◦͕ ƉŽĚĞŵŽƐ ƐƵďƐƟƚƵŝƌ ŶĂ ĞǆƉƌĞƐƐĆŽ ĞŶĐŽŶƚƌĂĚĂ͕ ŽďƚĞŶĚŽ͗

2 · 66◦ + x = 180◦

132◦ + x = 180◦

x = 48◦.

���;EEáRͲϮϬϬϲͿ QUESTÃO Ϯϳ

NƵŵ ƚƌŝąŶŐƵůŽABC͕AB = BC = 5
√
2Đŵ͘ SĞ R Ġ Ž ƉŽŶƚŽ ŵĠĚŝŽ ĚĞ AC͕ Ğ S Ġ Ž ƉŽŶƚŽ ŵĠĚŝŽ ĚĞ

AB͕ ĞŶƚĆŽ Ă ŵĞĚŝĚĂ ĚĞ RS͕ Ğŵ Đŵ͕ Ġ ŝŐƵĂů Ă
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;ĂͿ 5

2

;ďͿ 5
√
2

4

;ĐͿ 5
√
2

3

;ĚͿ 5
√
2

2

R͗ OďƐĞƌǀĞ Ă ĮŐƵƌĂ ĨŽƌŵĂĚĂ͗

A

B

CR

5
√

2
S

x

áƋƵŝ ƚĞ ĂƉƌĞƐĞŶƚŽ Ž ƵƟůşƐƐŝŵŽ ĐŽŶĐĞŝƚŽ ĚĞ ďĂƐĞ ŵĠĚŝĂ͘ Uŵ ĐŽŶĐĞŝƚŽ ŵƵŝƚŽ ŵĞůŚŽƌ ĂƉƌĞŶĚŝĚŽ ŶŽ
ĚĞĐŽƌƌĞƌ ĚĂ ƌĞƐŽůƵĕĆŽ ĚĞ Ƶŵ ĞǆĞƌĐşĐŝŽ͘ Vġ ƋƵĞ Ž ƐĞŐŵĞŶƚŽ RS ĨŽŝ ĐŽŶƐƚƌƵşĚŽ Ă ƉĂƌƟƌ ĚŽƐ ƉŽŶƚŽƐ
ŵĠĚŝŽƐ ;ƉŽŶƚŽƐ ĚŽ ŵĞŝŽͿ ĚĞ ĚŽŝƐ ůĂĚŽƐ͍ EƐƐĂ Ġ Ă ĚĞĮŶŝĕĆŽ ĚĞ ďĂƐĞ ŵĠĚŝĂ͘ UŵĂ ĐŽŶĐůƵƐĆŽ ƋƵĞ ƉŽĚĞ

ƐĞ ƟƌĂƌ ĚŝƐƐŽ Ġ ƋƵĞ Ă ďĂƐĞ ŵĠĚŝĂ ƐĞŵƉƌĞ ŵĞĚĞ Ă ŵĞƚĂĚĞ ĚŽ ůĂĚŽ ŽƉŽƐƚŽ͘ EŶƚĆŽ͕ RS = x =
5
√
2

2
͘

EŶƚĆŽ ƐĞŵƉƌĞ ƋƵĞ͕ Ğŵ Ƶŵ ƚƌŝąŶŐƵůŽ͕ ĚŽŝƐ ƉŽŶƚŽƐ ŵĠĚŝŽƐ ĨŽƌĞŵ ƚŽŵĂĚŽƐ͕ Ž ƐĞŐŵĞŶƚŽ ĨŽƌŵĂĚŽ ƉŽƌ
ĞƐƐĞƐ ƉŽŶƚŽƐ ŵĠĚŝŽƐ ƐĞƌĄ ƵŵĂ ďĂƐĞ ŵĠĚŝĂ Ğ ŵĞĚŝƌĄ Ă ĞǆĂƚĂ ŵĞƚĂĚĞ ĚŽ ůĂĚŽ ŽƉŽƐƚŽ͘ BĞůĞǌĂ͍ VĂŵŽƐ
ƉƌĂ ƉƌſǆŝŵĂ͊

GĂďĂƌŝƚŽ͗ B

���;EEáRͲϮϬϬϲͿ QUESTÃO Ϯϴ

Eŵ Ƶŵ ƚƌŝąŶŐƵůŽABC͕ Ž ąŶŐƵůŽ ĞǆƚĞƌŶŽ ĚĞ ǀĠƌƟĐĞAŵĞĚĞ 116◦͘ SĞ Ă ĚŝĨĞƌĞŶĕĂ ĞŶƚƌĞ ĂƐ ŵĞĚŝĚĂƐ
ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ B Ğ C Ġ 30◦͕ ĞŶƚĆŽ Ž ŵĂŝŽƌ ąŶŐƵůŽ ŝŶƚĞƌŶŽ ĚŽ ƚƌŝąŶŐƵůŽ ŵĞĚĞ
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;ĂͿ 75◦͘
;ďͿ 73◦͘
;ĐͿ 70◦͘
;ĚͿ 68◦͘

R͗ OďƐĞƌǀĞ Ž ƚƌŝąŶŐƵůŽ ƋƵĞ Ă ƋƵĞƐƚĆŽ ƐƵŐĞƌĞ͗

AB

C

116◦

α

β

Uŵ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ Ġ Ž ƐƵƉůĞŵĞŶƚŽ ĚĞ 116◦͕ ƋƵĞ Ġ 64◦͘ CŽŵŽ ƐĞŵƉƌĞ͕ ƐĂďĞŵŽƐ ƋƵĞ
116◦ = α+ β͘ MĂƐ Ă ƋƵĞƐƚĆŽ ƚĂŵďĠŵ ŶŽƐ ŝŶĨŽƌŵĂ ƋƵĞ α− β = 30◦͕ ƐƵƉŽŶĚŽ α Ž ŵĂŝŽƌ ąŶŐƵůŽ͘
EŶƚĆŽ͗

{

α+ β = 116◦

α− β = 30◦
.

SŽŵĂŶĚŽ ĂƐ ĚƵĂƐ ĞƋƵĂĕƁĞƐ͕ ƚĞŵŽƐ 2α = 146◦ Ğ ƉŽƌƚĂŶƚŽ α = 73◦͘ CŽŵŽ α+ β = 116◦͕ ƚĞŵŽƐ
β = 116◦ − 73◦ = 43◦͘ O ŵĂŝŽƌ ąŶŐƵůŽ Ġ͕ ƉŽƌƚĂŶƚŽ͕ 73◦͘

GĂďĂƌŝƚŽ͗ B

���;EEáRͲϮϬϬϳͿ QUESTÃO Ϯϵ

DŽŝƐ ƚƌŝąŶŐƵůŽƐ ƐĆŽ ƐĞŵĞůŚĂŶƚĞƐ͕ Ğ ƵŵĂ ĂůƚƵƌĂ ĚŽ ƉƌŝŵĞŝƌŽ Ġ ŝŐƵĂů ĂŽƐ 2
5
ĚĞ ƐƵĂ ŚŽŵſůŽŐĂ ŶŽ ƐĞͲ

ŐƵŶĚŽ͘ SĞ Ž ƉĞƌşŵĞƚƌŽ ĚŽ ƉƌŝŵĞŝƌŽ ƚƌŝąŶŐƵůŽ Ġ 140Đŵ͕ ĞŶƚĆŽ Ž ƉĞƌşŵĞƚƌŽ ĚŽ ƐĞŐƵŶĚŽ͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 250͘
;ďͿ 280͘
;ĐͿ 300͘
;ĚͿ 350͘
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R͗ SĞ ŽƐ ƚƌŝąŶŐƵůŽƐ ƐĆŽ ƐĞŵĞůŚĂŶƚĞƐ͕ Ğ Ă ĂůƚƵƌĂ ĚŽ ƉƌŝŵĞŝƌŽ Ġ 2

5
ĚĂ ĂůƚƵƌĂ ĚŽ ƐĞŐƵŶĚŽ͕ ĞŶƚĆŽ Ž

ƉĞƌşŵĞƚƌŽ ĚŽ ƉƌŝŵĞŝƌŽ ƚĂŵďĠŵ ĚĞǀĞƌĄ ƐĞƌ 2
5
ĚŽ ƉĞƌşŵĞƚƌŽ ĚŽ ƐĞŐƵŶĚŽ͘ NĆŽ ƐĂďĞŵŽƐ Ž ƉĞƌşŵĞƚƌŽ x

ĚŽ ƐĞŐƵŶĚŽ͕ ůŽŐŽ͗

140 =
2

5
x

700 = 2x

x = 350Đŵ.

GĂďĂƌŝƚŽ͗ C

���;EEáRͲϮϬϬϱͿ QUESTÃO ϯϬ

NĂ ĮŐƵƌĂ͕DE//AB͘ O ǀĂůŽƌ ĚĞ x+ y Ġ

;ĂͿ 12, 5͘
;ďͿ 17, 5͘
;ĐͿ 20͘
;ĚͿ 22͘

R͗ TĞƌŵŝŶĂŵŽƐ ĐŽŵ ƵŵĂ ƋƵĞƐƚĆŽ ƐŝŵƉůĞƐ ĚĞ ƐĞŵĞůŚĂŶĕĂ ĚĞ ƚƌŝąŶŐƵůŽƐ͘ PĞƌĐĞďĂ ƋƵĞ ŽƐ ąŶŐƵůŽƐ B̂
Ğ D̂ ƐĆŽ ŝŐƵĂŝƐ ;ĂůƚĞƌŶŽƐ ŝŶƚĞƌŶŽƐͿ͕ Ğ Ž ąŶŐƵůŽ Ĉ Ġ ĐŽŵƵŵ ĂŽƐ ĚŽŝƐ ƚƌŝąŶŐƵůŽƐ͕ ůŽŐŽ͕ ƐĆŽ ƐĞŵĞůŚĂŶƚĞƐ͘
TĞŵŽƐ ĞŶƚĆŽ͗

10, 5+ 17, 5

7
=

x+ y

5
28

7
=

x+ y

5

4 =
x+ y

5

x+ y = 20.
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ϰ͘Ϯ ÍÄ�®�� R�Ã®ÝÝ®6Ê

áůƚƵƌĂ͕ ϱϲ
ÂŶŐƵůŽ͕ ϭϮ
ÂŶŐƵůŽƐ ĂĚũĂĐĞŶƚĞƐ͕ ϭϰ
ÂŶŐƵůŽƐ ĂŐƵĚŽƐ͕ ϮϬ
ÂŶŐƵůŽƐ ĂůƚĞƌŶŽƐ ĞǆƚĞƌŶŽƐ͕ ϭϵ
ÂŶŐƵůŽƐ ĂůƚĞƌŶŽƐ ŝŶƚĞƌŶŽƐ͕ ϭϵ
ÂŶŐƵůŽƐ ĐŽůĂƚĞƌĂŝƐ ĞǆƚĞƌŶŽƐ͕ ϭϴ
ÂŶŐƵůŽƐ ĐŽůĂƚĞƌĂŝƐ ŝŶƚĞƌŶŽƐ͕ ϭϴ
ÂŶŐƵůŽƐ ĐŽŵƉůĞŵĞŶƚĂƌĞƐ͕ ϭϲ
ÂŶŐƵůŽƐ ĐŽŶƐĞĐƵƟǀŽƐ͕ ϭϰ
ÂŶŐƵůŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞƐ͕ ϭϴ
ÂŶŐƵůŽƐ ŽďƚƵƐŽƐ͕ ϮϬ
ÂŶŐƵůŽƐ ŽƉŽƐƚŽƐ ƉĞůŽ ǀĠƌƟĐĞ ;OPVͿ͕ ϭϵ
ÂŶŐƵůŽƐ ƌĞƉůĞŵĞŶƚĂƌĞƐ͕ ϭϴ
ÂŶŐƵůŽƐ ƐƵƉůĞŵĞŶƚĂƌĞƐ͕ ϭϳ

BĂƌŝĐĞŶƚƌŽ͕ ϱϳ
BŝƐƐĞƚƌŝǌ͕ ϮϬ

CĂƐŽƐ ĚĞ ĐŽŶŐƌƵġŶĐŝĂ ĚĞ ƚƌŝąŶŐƵůŽƐ͕ ϯϵ
CĞǀŝĂŶĂ͕ ϱϲ
CŝƌĐƵŶĐĞŶƚƌŽ͕ ϱϴ
CŽŶĚŝĕĆŽ ĚĞ ĞǆŝƐƚġŶĐŝĂ ƚƌŝĂŶŐƵůĂƌ͕ Ϯϵ

EŶƚĞƐ ĨƵŶĚĂŵĞŶƚĂŝƐ͕ ϲ

GƌĂƵ͕ ϭϯ

IŶĐĞŶƚƌŽ͕ ϱϴ

MĞĚŝĂŶĂ͕ ϱϲ
MĞĚŝĂƚƌŝǌ͕ ϱϳ

OƌƚŽĐĞŶƚƌŽ͕ ϱϳ

PůĂŶŽ͕ ϲ
PŽŶƚŽ͕ ϲ

RĂǌĆŽ ĚĞ ƐĞŵĞůŚĂŶĕĂ͕ ϰϮ
RĞƚĂ͕ ϲ
RĞƚĂƐ ĐŽŝŶĐŝĚĞŶƚĞƐ͕ ϭϬ
RĞƚĂƐ ƉĂƌĂůĞůĂƐ͕ ϭϬ
RĞƚĂƐ ƉĞƌƉĞŶĚŝĐƵůĂƌĞƐ͕ ϭϬ
RĞƚĂƐ ƚƌĂŶƐǀĞƌƐĂŝƐ͕ ϵ

SĞŐŵĞŶƚŽ ĚĞ ƌĞƚĂ͕ ϴ
SĞŵŝƌƌĞƚĂ͕ ϴ

TƌŝąŶŐƵůŽ ĂĐƵƚąŶŐƵůŽ͕ ϯϬ
TƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ͕ ϯϬ
TƌŝąŶŐƵůŽ ĞƐĐĂůĞŶŽ͕ ϯϬ
TƌŝąŶŐƵůŽ ŝƐſƐĐĞůĞƐ͕ ϯϬ
TƌŝąŶŐƵůŽ ŽďƚƵƐąŶŐƵůŽ͕ ϯϬ
TƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ͕ ϯϬ

VĠƌƟĐĞ ĚĞ Ƶŵ ąŶŐƵůŽ͕ ϭϮ
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