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AƵůĂ ϬϬ͗ NƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ

SƵŵĄƌŝŽ

ϭ NƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͗ ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ ϰ

ϭ͘ϭ AƐƉĞĐƚŽƐ ŐĞƌĂŝƐ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϰ

ϭ͘Ϯ OƉĞƌĂĕƁĞƐ ĐŽŵ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϵ

ϭ͘ϯ PůĂŶŽ ĚĞ AƌŐĂŶĚͲGĂƵƐƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϭϳ

Ϯ NƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͗ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ Ϯϳ

Ϯ͘ϭ AƐƉĞĐƚŽƐ ŐĞƌĂŝƐ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ Ϯϳ

Ϯ͘Ϯ ϭǐ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϯϬ

Ϯ͘ϯ Ϯǐ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϯϲ

QƵĞ ƐĂƟƐĨĂĕĆŽ Ğŵ ƚġͲůŽ ĂƋƵŝ ĐŽŵŝŐŽ͕ ũŽǀĞŵ͊ E ŚŽũĞ ǀĂŵŽƐ ĚĞ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͕ ĂƐƐƵŶƚŽ ĞǆƚƌĞͲ
ŵĂŵĞŶƚĞ ƌĞĐŽƌƌĞŶƚĞ ŶŽ ƐĞƵ ĐŽŶĐƵƌƐŽ͊ O ĂƐƐƵŶƚŽ ĚĞ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ Ġ ĞǆƚĞŶƐŽ͕ Ğ ƐĞƌĄ ĚŝǀŝĚŝĚŽ
Ğŵ ĚƵĂƐ ƉĂƌƚĞƐ͗ Ă ƉĂƌƚĞ ĂůŐĠďƌŝĐĂ Ğ Ă ƉĂƌƚĞ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ͘

ĞƐƐĞ ĂƐƐƵŶƚŽ ĞǆŝŐĞ ĂůŐƵŶƐ ƉƌĠͲƌĞƋƵŝƐŝƚŽƐ͗ ǀŽĐġ ƚĞŵ ĚĞ ƚĞƌ ƵŵĂ ďŽĂ ŶŽĕĆŽ ĚĞ ƚƌŝŐŽŶŽŵĞƚƌŝĂ Ğ ĨƵŶͲ
ĕĆŽ ĞǆƉŽŶĞŶĐŝĂů͘ SĞ ĂŝŶĚĂ ŶĆŽ ĞƐƚƵĚŽƵ ĞƐƐĞƐ ĂƐƐƵŶƐƚŽƐ͕ ǀĂŝ ůĄ ĚĂƌ ƵŵĂ ŽůŚĂĚĂ ĂŶƚĞƐ ĚĞ ƉƌŽƐƐĞŐƵŝƌ͘
NĆŽ ƉƌĞĐŝƐĂ ĞƐƚƵĚĂƌ Ă ƉĂƌƚĞ ŐƌĄĮĐĂ ĚĞ ĨƵŶĕƁĞƐ ĞǆƉŽŶĞŶĐŝĂŝƐ ƉĂƌĂ Ž ĞŶƚĞŶĚŝŵĞŶƚŽ ĚĞƐƐĞ ƚĞŵĂ ŶĆŽ͕
ĂƉĞŶĂƐ ĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ŵĂŝƐ ƌĞĐŽƌƌĞŶƚĞƐ ĚĞ ƉŽƚġŶĐŝĂƐ ŵĞƐŵŽ͘ QƵĂŶƚŽ ă ƚƌŝŐŽŶŽŵĞƚƌŝĂ͕ ĨĂƌĞŵŽƐ
ĂƋƵŝ ŵĞƐŵŽ ƵŵĂ ƉĞƋƵĞŶĂ ƌĞǀŝƐĆŽ͕ ŵĂƐ ƐĞƌŝĂ ŝŶƚĞƌĞƐƐĂŶƚĞ ƋƵĞ ǀŽĐġ ĐŽďƌŝƐƐĞ ĂƐ ŶŽĕƁĞƐ ĚĞ ƐĞŶŽ Ğ
ĐŽƐƐĞŶŽ ĐŽŵ ĂůŐƵŵĂ ŵŝŶƵĐŝŽƐŝĚĂĚĞ Ă ŵĂŝƐ͘ Dġ ƚĂŵďĠŵ ƵŵĂ ŽůŚĂĚĂ ŶĂ ƉĂƌƚĞ ĚĞ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ
ĐŝĐůŽ͕ ĞƐƉĞĐŝĮĐĂŵĞŶƚĞ Ă ƉĂƌƚĞ Ğŵ ƋƵĞ ĞƐƚƵĚĂŵŽƐ Ă ƌĞĚƵĕĆŽ ĚĞ ƋƵĂĚƌĂŶƚĞƐ͘

VĂŵŽƐ ůĄ͕ ĞŶƚĆŽ͍ NƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͕ ĂƋƵŝ ǀĂŵŽƐ ŶſƐ͊
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DISPONŐVEL CONTEȸDO

Aula 00

Nȹmeros complexos: operaçǤes, mƦdulo, conjugado de um nȹmero complexo, represen-
taçǤes algébrica e trigonométrica. Representação no plano de Argand-Gauss, Potencia-
lização e radiciação. Extração de raőzes. FƦrmulas de Moivre. Resolução de equaçǤes
binomiais e trinomiais.

Aula 01 Contagem e Análise CombinatƦria: fatorial: deinição e operaçǤes; princőpios multiplica-
tivo e aditivo da contagem; arranjos, combinaçǤes e permutaçǤes

Aula 02 BinƬmio de Newton: desenvolvimento, coeicientes binomiais e termo geral; triângulo de
Pascal.

Aula 03

Probabilidade: experimento aleatƦrio, experimento amostral, espaço amostral e evento;
probabilidade em espaços amostrais equiprováveis; probabilidade da união de dois eventos;
probabilidade condicional; propriedades das probabilidades; e probabilidade de dois eventos
sucessivos e experimentos binomiais.

Aula 04 Matrizes: OperaçǤes com matrizes. Equação matricial. Matriz transposta. Matriz in-
versa. Matriz de Vadermonde

Aula 05 Determinantes: Menor complementar. Cofator. Teorema de Laplace.

Aula 06 Sistema de equaçǤes lineares. f) Emprego do método Gauss-Jordan na solução dos siste-
mas. Regra de Cramer.

Aula 07 Cálculo vetorial e geometria analőtica: Vetores no R
2 e R

3. Adição vetorial, multiplicação
por escalar, produto escalar e produto vetorial

Aula 08 Limite: Limite de uma função. OperaçǤes com limites initos e ininitos. Limites funda-
mentais.

Aula 09 Derivadas: aplicação de derivadas. Regras de derivação. Regra de L´Hospital. Máximos
e Mőnimos. Esboço de gráico de funçǤes com assőntotas.

Aula 10 Integrais: Integrais imediatas.

Aula 11 REVISIONAL ESTRATÉGICO
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ϭ͘Ϭ NéÃ�ÙÊÝ �ÊÃÖ½�øÊÝ͗ ¥ÊÙÃ� �½¦��Ù®��

ϭ͘ϭ áÝÖ��ãÊÝ ¦�Ù�®Ý

UŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ

VĂŵŽƐ ĐŽŵĞĕĂƌ ŝŶĚŽ ĚŝƌĞƚŽ ĂŽ ƉŽŶƚŽ͕ ƐĞŵ ĞŶƌŽůĂĕĆŽ͘ IĚĞŶƟĮĐĂͲƐĞ Ž ƋƵĞ ĐŚĂŵĂŵŽƐ ĚĞ ƵŶŝĚĂĚĞ
ŝŵĂŐŝŶĄƌŝĂ ƉĞůĂ ůĞƚƌĂ i͕ ĚĞ ĨŽƌŵĂ ƋƵĞ͗

i2 = −1

áůŐƵŶƐ ƚƌĂƚĂĚŽƐ ƐŽďƌĞ Ž ĂƐƐƵŶƚŽ ƉƌĞĨĞƌĞŵ ĞƐĐƌĞǀĞƌ͗

i =
√

−1

EƐƐĂ ƷůƟŵĂ ŶŽƚĂĕĆŽ͕ ƉŽƌĠŵ͕ ƉŽĚĞ ǀŝƌ Ă ĐĂƵƐĂƌ ĂůŐƵŶƐ ƉƌŽďůĞŵĂƐ͘ NŽ ĚĞĐŽƌƌĞƌ ĚŽ ƚĞǆƚŽ ĨĂůĂƌĞŵŽƐ
ŵĂŝƐ ƐŽďƌĞ ŝƐƐŽ͘ PŽƌ ŽƌĂ͕ ƵƐĂƌĞŵŽƐ ĂƐ ĚƵĂƐ ƐĞŵ ŵĂŝŽƌĞƐ ƉƌŽďůĞŵĂƐ͘

EƐƐĂ ĚĞĮŶŝĕĆŽ ƋƵĞ ĚĞŵŽƐ ĂůƚĞƌĂ ĐŽŵƉůĞƚĂŵĞŶƚĞ Ž ƋƵĞ ĐŽŶŚĞĐĞŵŽƐ ƐŽďƌĞ ŶƷŵĞƌŽƐ͘ PƌŝŵĞŝƌŽ͕ Ž
ƋƵĞ ƉŽĚĞŵŽƐ ĂĮƌŵĂƌ ĐŽŵ ĐĞƌƚĞǌĂ͕ Ġ ƋƵĞ i ŶĆŽ ƉŽĚĞ ƐĞƌ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͕ ƉŽŝƐ ŶĞŶŚƵŵ ŶƷŵĞƌŽ ƌĞĂů
ĞůĞǀĂĚŽ ĂŽ ƋƵĂĚƌĂĚŽ ƉŽĚĞƌŝĂ ƌĞƐƵůƚĂƌ Ğŵ Ƶŵ ŶƷŵĞƌŽ ŶĞŐĂƟǀŽ͘ MĂƐ ũŽǀĞŵ͕ ƵƐĂŶĚŽ ĞǆĂƚĂŵĞŶƚĞ Ă
ŶŽƚĂĕĆŽ ƋƵĞ ƵƟůŝǌĂŵŽƐ ĂĐŝŵĂ ŶĆŽ ŚĄ ŵŝƐƚĠƌŝŽ ĂůŐƵŵ ŶĂ ƵƟůŝǌĂĕĆŽ ĚŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͘ VĞũĂ͗

���QUESTÃO ϭ

RĞƐŽůǀĞŶĚŽ Ă ĞƋƵĂĕĆŽ x2 − 4x+ 5 = 0 ĞŶĐŽŶƚƌĂŵŽƐ ĂƐ ƐĞŐƵŝŶƚĞƐ ƌĂşǌĞƐ͗

;ĂͿ 2+ i Ğ 2− i͘
;ďͿ 2 Ğ−2͘
;ĐͿ −2+ i Ğ−2− i͘
;ĚͿ NĆŽ ŚĄ ƌĂşǌĞƐ͘

R͗ áƉůŝĐĂŶĚŽ Ă ĨſƌŵƵůĂ ĚĞ BŚĄƐŬĂƌĂ͕ ĐĂůĐƵůĞŵŽƐ Ž ∆ ĚĞƐƐĂ ĞƋƵĂĕĆŽ͗
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∆ = b2 − 4ac

= (−4)2 − 4 · 1 · 5

= 16− 20

= −4.

VĞũĂ ƋƵĞ͕ Ğŵ ŐĞƌĂů͕ ĚŝƌşĂŵŽƐ ƋƵĞ ĞƐƐĂ ĞƋƵĂĕĆŽ ŶĆŽ ƚĞŵ ƐŽůƵĕĆŽ͘ MĂƐ ŶĆŽ Ġ ďĞŵ ŝƐƐŽ͕ Ġ ƋƵĞ ĞůĂ ŶĆŽ
ƚĞŵ ƐŽůƵĕĆŽ ƌĞĂů͊ MĂƐ ĞůĂ ƚĞŵ Ɛŝŵ ƐŽůƵĕĆŽ ĐŽŵƉůĞǆĂ͘ VĞũĂ͗

x =
−b±

√
∆

2a

=
−(−4)±

√
−4

2 · 1

=
4±

√
−4

2
.

áŐŽƌĂ ǀĞũĂ ƋƵĞ͕ ƉĞůĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ĚĞ ƌĂĚŝĐŝĂĕĆŽ͗

√

−4 =
√

4 · (−1)

=
√
4 ·

√

−1

MĂƐ ǀĞũĂ ƋƵĞ͕ ĐŽŵŽ ǀŝŵŽƐ ŚĄ ƉŽƵĐŽ͕ i =
√
−1͕ ůŽŐŽ͗

= 2i.

EŶƚĆŽ͕ ƉŽĚĞŵŽƐ ĐŽŶĐůƵŝƌ ƋƵĞ͗

x =
4±

√
−4

2

=
4± 2i

2

= 2± i.

LŽŐŽ͕ ŚĄ ĚƵĂƐ ƌĂşǌĞƐ͗ x = 2+ i Ğ x = 2− i͘

GĂďĂƌŝƚŽ͗ A

PĞƌĐĞďĂ ƋƵĞ͕ ĞŶƚĆŽ͕ Ġ ƌĞĂůŵĞŶƚĞ Ƶŵ ĂƚŽ ĂƉĞŶĂƐ ĚĞ ƵƐĂƌŵŽƐ Ž ĨĂƚŽ ĚĞ ƋƵĞ i =
√
−1 Ğ ĂƐƐŽĐŝĂƌŵŽƐ

ŝƐƐŽ ăƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ĚĞ ƌĂĚŝĐŝĂĕĆŽ͘ VĞũĂŵŽƐ ĂŐŽƌĂ Ă ĨŽƌŵĂ ŐĞƌĂů ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘
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EǆĂƚĂŵĞŶƚĞ͕ ĐŽƌƵũŝŶŚĂ͊ PƌĂƟĐĂŵĞŶƚĞ ŶĂĚĂ͕
ŶĂĚĂ ĚĞ ŶŽǀŽ ƉŽƌ ĞŶƋƵĂŶƚŽ͘ DŝǌĞƌŵŽƐ ƋƵĞ i =
√
−1 ĚĞ ĨĂƚŽ ŶĆŽ ŵƵĚĂ ŵƵŝƚĂ ĐŽŝƐĂ͘ QƵĂŶĚŽ ĂƉĂͲ

ƌĞĐĞƌĞŵ ƌĂşǌĞƐ ŶĞŐĂƟǀĂƐ͕ ǀŽĐġ ĚĞǀĞƌĄ ƐĞŵƉƌĞ ƵƐĂƌ
ĞƐƐĞ i ƉĂƌĂ ĞƐĐƌĞǀĞƌ ŽƐ ƐĞƵƐ ŶƷŵĞƌŽƐ͘ PŽƌ ĞǆĞŵͲ
ƉůŽ͕ ĂƉĂƌĞĐĞƵ

√
−9 Ğŵ ĂůŐƵŵĂ ĐŽŶƚĂ ƐƵĂ͕ ĨĂĕĂ

√
−9 =

√
9 ·

√
−1 = 3i͖ ĚĞƐƐĂ ĨŽƌŵĂ͕ Ă ƌĂŝǌ ƋƵĂͲ

ĚƌĂĚĂ ĚĞ −9 ƐĞƌŝĂ 3i͘ DĞƐƐĂ ĨŽƌŵĂ͕ ŶĂĚĂ ĚĞ ŶŽǀŽ
ĚĞ ĨĂƚŽ ĂƉĂƌĞĐĞƵ ƉĂƌĂ Ă ŐĞŶƚĞ͘ EƐƚƵĚĂƌĞŵŽƐ Ă ƐĞŐƵŝƌ ƵŵĂ ĚĂƐ ĨŽƌŵĂƐ ĚĞ ĞƐĐƌĞǀĞƌŵŽƐ Ƶŵ ŶƷŵĞƌŽ
ĐŽŵƉůĞǆŽ͘ VĂŵŽƐ ůĄ͍

FŽƌŵĂ ĂůŐĠďƌŝĐĂ

NƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ ƉŽĚĞŵ ƐĞƌ ĞƐĐƌŝƚŽƐ ĚĞ ĚƵĂƐ ĨŽƌŵĂƐ ĚŝĨĞƌĞŶƚĞƐ͗ Ă ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ Ğ ĨŽƌŵĂ ƚƌŝŐŽͲ
ŶŽŵĠƚƌŝĐĂ͘ EƐƚƵĚĂƌĞŵŽƐ ƉƌŝŵĞŝƌŽ Ă ƐƵĂ ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ͕ ƚĂŵďĠŵ ĐŚĂŵĂĚĂ ĚĞ ĨŽƌŵĂ ĐĂƌƚĞƐŝĂŶĂ ĚĞ
Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘ EƐƐĂ ĨŽƌŵĂ Ġ ĚĂĚĂ ƉĞůĂ ƐĞŐƵŝŶƚĞ ĐŽŶĮŐƵƌĂĕĆŽ͗

z = a+ bi, a, b ∈ R

VĞũĂ ĂďĂŝǆŽ ĂůŐƵŶƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ ĞƐĐƌŝƚŽƐ ŶĂ ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ

z = a+ bi a b

2+ 3i 2 3

−5+ 4i −5 4

4i− 3 −3 4

2+ i 2 1

2− i 2 −1

7i 0 7

3 3 0

1

2
−

√
3

2
i

1

2
−

√
3

2
π−

√
7i π −

√
7

NĆŽ ŝŵƉŽƌƚĂ Ž ƋƵĆŽ ͞ĞƐƋƵŝƐŝƚŽƐ͟ ĞůĞƐ ĮƋƵĞŵ͖ ĐŽŶƚĂŶƚŽ ƋƵĞ a Ğ b ƐĞũĂŵ ŶƷŵĞƌŽƐ ƌĞĂŝƐ͕ a+bi ƐĞƌĄ
ĐĞƌƚĂŵĞŶƚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘

O ŶƷŵĞƌŽ a Ġ Ž ƋƵĞ ĐŚĂŵĂŵŽƐ ĚĞ Ă ƉĂƌƚĞ ƌĞĂů ĚĞ z͘ O ŶƷŵĞƌŽ b Ġ͕ ĐŽŵŽ ǀŽĐġ ũĄ ĚĞǀĞ ŝŵĂŐŝŶĂƌ͕
Ă ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ ĚĞ z͘

ϲ
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á ƉĂƌƚĞ ƌĞĂů ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z ƉŽĚĞ ƐĞƌ ƌĞƉƌĞƐĞŶƚĂĚĂ ƉĞůĂƐ ƐĞŐƵŝŶƚĞƐ ŶŽƚĂĕƁĞƐ͗ R(z) ŽƵ
RĞ(z)͘ JĄ Ă ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ ƉŽĚĞ ƐĞƌ ƌĞƉƌĞƐĞŶƚĂĚĂ ƉŽƌ͗ I(z) ŽƵ Iŵ(z)͘

QƵĂŶĚŽ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z ƉŽƐƐƵŝ ƉĂƌƚĞ ƌĞĂů ŶƵůĂ Ğ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ ŶĆŽͲŶƵůĂ ;ŝƐƚŽ Ġ͕ RĞ(z) =

0 Ğ Iŵ(z) ̸= 0Ϳ ĞůĞ Ġ ĐŚĂŵĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͘ SĆŽ ŽƐ ĐĂƐŽƐ ĚĞ z = 7i ŽƵ z = −
1

2
i͕

ƉŽƌ ĞǆĞŵƉůŽ͘ Eŵ ĂŵďŽƐ ƚĞŵŽƐ a = 0 Ğ b ̸= 0͘ CĂƐŽ ĞůĞ ƉŽƐƐƵĂ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ ŶƵůĂ͕ Ž ŶƷŵĞƌŽ ƐĞƌĄ
ĐŚĂŵĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů ƉƵƌŽ͘ É Ž ĐĂƐŽ ĚĞ ƚŽĚŽƐ ŽƐ ĞůĞŵĞŶƚŽƐ ĚĞ R͗ −2͕ π͕ ĞƚĐ͘

IƐƐŽ ŶŽƐ ƉĞƌŵŝƚĞ ĐŽŶĐůƵŝƌ Ž ƐĞŐƵŝŶƚĞ͗

TŽĚŽ ŶƷŵĞƌŽ ƌĞĂů Ġ ĐŽŵƉůĞǆŽ͕ ŵĂƐ ŶĞŵ ƚŽĚŽ ĐŽŵƉůĞǆŽ Ġ ƌĞĂů͘

VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ ĚĞ ĂƉůŝĐĂĕĆŽ ĚŝƌĞƚĂ ĚĞƐƐĞ ĐŽŶĐĞŝƚŽ͗

���;EEARͲϮϬϬϭͿ QUESTÃO Ϯ

SĞũĂm ∈ R͘ PĂƌĂ ƋƵĞ Ž ƉƌŽĚƵƚŽ (2+mi) · (3+ i) ƐĞũĂ Ƶŵ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͕ Ž ǀĂůŽƌ ĚĞm
ĚĞǀĞ ƐĞƌ

;ĂͿ 5
;ďͿ 6
;ĐͿ 7
;ĚͿ 8

R͗ EĨĞƚƵĂŶĚŽ Ă ŵƵůƟƉůŝĐĂĕĆŽ͗

(2+mi) · (3+ i) = 6+ 2i+ 3mi+mi2

= 6+ 2i+ 3mi−m

= (6−m) + (2+ 3m)i.

PĂƌĂ ƋƵĞ ƐĞũĂ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͕ ďĂƐƚĂƌĄ ƋƵĞ 6−m ƐĞũĂ ŶƵůŽ͕ ŝƐƚŽ Ġ͕m = 6͘

GĂďĂƌŝƚŽ͗ B

ϳ
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MſĚƵůŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ

CŽŶƐŝĚĞƌĞ z = a + bi Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ƋƵĂůƋƵĞƌ͘ áƉƌĞŶĚĞƌĞŵŽƐ ĂŐŽƌĂ Ă ĐĂůĐƵůĂƌ Ž ŵſĚƵůŽ
ĚĞƐƐĞ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘ UƟůŝǌĂͲƐĞ Ă ůĞƚƌĂ ŐƌĞŐĂ ρ ;ůġͲƐĞ ͟ƌŚƀ͟Ϳ ŽƵ Ž ƐşŵďŽůŽ |z| ƉĂƌĂ ŝĚĞŶƟĮĐĂƌŵŽƐ
ĞƐƐĞ ŵſĚƵůŽ͘ VĂŵŽƐ ĞŶƚĆŽ ă ĚĞĮŶŝĕĆŽ͘

DĞĮŶĞͲƐĞ ŽŵſĚƵůŽ ĚĞ z ĐŽŵŽ Ž ŶƷŵĞƌŽ ƌĞĂů ŶĆŽͲŶĞŐĂƟǀŽ |z| ƚĂů ƋƵĞ͗

|z| =
√

a2 + b2

VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ ĚŝƌĞƚŽ ĚĞƐƐĂ ĂƉůŝĐĂĕĆŽ͘

���QUESTÃO ϯ

CŽŶƐŝĚĞƌĞ ŽƐ ƐĞŐƵŝŶƚĞƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͗ z1 = 3+ 4i͕ z2 = 5− 12i Ğ z3 = −8+ 15i͘ PŽĚĞŵŽƐ
ĂĮƌŵĂƌ ƋƵĞ͗

;ĂͿ |z1| < |z2| < |z3|

;ďͿ |z1| > |z2| > |z3|

;ĐͿ |z1| < |z2| Ğ |z2| > |z3|

;ĚͿ |z1| > |z2| Ğ |z2| < |z3|

R͗ BĂƐƚĂ ĂƉůŝĐĂƌŵŽƐ ĚŝƌĞƚĂŵĞŶƚĞ Ă ĨſƌŵƵůĂ ĂƉƌĞƐĞŶƚĂĚĂ ƉĂƌĂ Ž ĐĄůĐƵůŽ ĚŽ ŵſĚƵůŽ͘ CĂůĐƵůĂŶĚŽ |z1|͗

|z1| =
√

32 + 42

=
√

9+ 16

=
√
25

= 5.

CĂůĐƵůĂŶĚŽ |z2|

|z2| =
√

52 + (−12)2

=
√

25+ 144

=
√
169

= 13.

ϴ
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PŽƌ Įŵ͕ ĐĂůĐƵůĂŶĚŽ |z3|͗

|z3| =
√

(−8)2 + 152

=
√

64+ 225

=
√
289

= 17.

VŝƐƚŽ ƋƵĞ 5 < 13 < 17͕ ƚĞŵŽƐ |z1| < |z2| < |z3|͘

GĂďĂƌŝƚŽ͗ A

HĂŚĂ͕ ĐĂůŵĂ͕ ĐŽƌƵũĂ͊ É ĐůĂƌŽ ƋƵĞ ƚĞǀĞ ƵŵĂŵŽƟͲ
ǀĂĕĆŽ ŝŶŝĐŝĂů ƉĂƌĂ ƋƵĞ ĮǌĞƐƐĞŵ ĞƐƐĂ ĞǆƉƌĞƐƐĆŽ ĚĂ
ĨŽƌŵĂ ƋƵĞ ĨŽŝ ĨĞŝƚĂ͘ MĂƐ ƉŽƌ ĞŶƋƵĂŶƚŽ͕ ŶŽƐ ŝŵͲ
ƉŽƌƚĂ ĂƉĞŶĂƐ Ă ĞǆƉƌĞƐƐĆŽ Ğ ƐĂďĞƌ ƵƟůŝǌĄͲůĂ ĂůŐĞďƌŝͲ
ĐĂŵĞŶƚĞ͘ MĂƐ ǀĂůĞ Ă ŐĞŶƚĞ ƐĂďĞƌ ĚĞ ĂŶƚĞŵĆŽ ƋƵĞ
Ă ŵŽƟǀĂĕĆŽ ƌĞĂů ĚĂ ĞǆƉƌĞƐƐĆŽ |z| =

√

a2 + b2 Ġ
ŐĞŽŵĠƚƌŝĐĂ͘ AƐƐŝŵ ƋƵĞ ƚĞƌŵŝŶĂƌŵŽƐ ĚĞ ŵĞŶĐŝŽͲ
ŶĂƌ ĂƐ ƉƌŝŶĐŝƉĂŝƐ ŽƉĞƌĂĕƁĞƐ ĞŶƚƌĞ ĐŽŵƉůĞǆŽƐ͕ ĚŝƐͲ

ĐƵƟƌĞŵŽƐ ƐŽďƌĞ ĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ĂůŐĠďƌŝĐĂƐ ĚŽŵſĚƵůŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘ VĂŵŽƐ ůĄ͕ ĞŶƚĆŽ͍
AŐŽƌĂ ĂƉƌĞŶĚĞƌĞŵŽƐ Ă ŽƉĞƌĂƌ ĞŶƚƌĞ ĐŽŵƉůĞǆŽƐ͘

ϭ͘Ϯ OÖ�Ù��Î�Ý �ÊÃ ÄéÃ�ÙÊÝ �ÊÃÖ½�øÊÝ

AĚŝĕĆŽͬƐƵďƚƌĂĕĆŽ

NĆŽ ŚĄ ŵŝƐƚĠƌŝŽƐ ĂƋƵŝ͘ áĚŝĐŝŽŶĂƌ ŽƵ ƐƵďƚƌĂŝƌ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ Ġ ĂĚŝĐŝŽŶĂƌ ŽƵ ƐƵďƚƌĂŝƌ ŽƐ ƚĞƌŵŽƐ
ƐĞŵĞůŚĂŶƚĞƐ͕ ƐŝŵƉůĞƐŵĞŶƚĞ͘ VĞũĂ͗

���QUESTÃO ϰ

CŽŶƐŝĚĞƌĞ ŽƐ ĐŽŵƉůĞǆŽƐ z1 = 3+24i͕ z2 = 7+26i Ğ z3 = 1+10i͘ PŽĚĞŵŽƐ ĂĮƌŵĂƌ ƋƵĞ |z1+z2−z3|

ǀĂůĞ͗

;ĂͿ 41
;ďͿ 46

ϵ
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;ĐͿ 49
;ĚͿ 51

R͗ FĂĕĂŵŽƐ ƉƌŝŵĞŝƌŽ Ž ĐĄůĐƵůŽ ĚŽ ĐŽŵƉůĞǆŽ ƉƌŽƉŽƐƚŽ͗

z1 + z2 − z3 = 3+ 24i+ 7+ 26i− (1+ 10i)

= 10+ 50i− 1− 10i

= 9+ 40i

CĂůĐƵůĂŶĚŽ Ž ŵſĚƵůŽ͗

|z1 + z2 − z3| =
√

92 + 402

=
√

81+ 1600

=
√
1681

= 41.

GĂďĂƌŝƚŽ͗ A

MƵůƟƉůŝĐĂĕĆŽ

BĂƐƚĂ ƐĞŵƉƌĞ ůĞǀĂƌŵŽƐ Ğŵ ĐŽŶƚĂ ƋƵĞ i2 = −1 Ğ ŶŽƐ ůĞŵďƌĂƌŵŽƐ ĚĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ĚŝƐƚƌŝďƵƟǀĂƐ ĚĂ
ŵƵůƟƉůŝĐĂĕĆŽ͘ VĂŵŽƐ ůĄ͕ ǀĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ͘

���QUESTÃO ϱ

áĐĞƌĐĂ ĚŽ ŶƷŵĞƌŽ (2+ 3i)(7− 4i) − 26͕ ƉŽĚĞŵŽƐ ĂĮƌŵĂƌ ƋƵĞ ƐĞ ƚƌĂƚĂ ĚĞ Ƶŵ

;ĂͿ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ
;ďͿ ŶƷŵĞƌŽ ƌĞĂů ƉƵƌŽ
;ĐͿ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ĚĞ ŵſĚƵůŽ

√
13

;ĚͿ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ĚĞ ŵſĚƵůŽ ŶƵůŽ

R͗ EĨĞƚƵĂŶĚŽ Ă ĐŽŶƚĂ͗

ϭϬ
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(2+ 3i)(7− 4i) − 26 = 14− 8i+ 21i− 12 · i2 − 26

= 14+ 13i+ 12− 26

= 13i.

LŽŐŽ͕ ĐŽŵŽ Ă ƉĂƌƚĞ ƌĞĂů Ġ ŶƵůĂ͕ ƚƌĂƚĂͲƐĞ ĚĞ Ƶŵ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͘

GĂďĂƌŝƚŽ͗ A

PŽƚĞŶĐŝĂĕĆŽ

HĄ ĚŽŝƐ ƟƉŽƐ ĚĞ ƉŽƚĞŶĐŝĂĕĆŽ ƋƵĞ ƐĆŽ ĐŽďƌĂĚĂƐ ĐŽŵ ĨƌĞƋƵġŶĐŝĂ ŶŽƐ ŵĂŝƐ ĚŝǀĞƌƐŽƐ ĐŽŶĐƵƌƐŽƐ Ğ ƋƵĞ
ƐĞƌĆŽ ĞƐƚƵĚĂĚĂƐ ĂŐŽƌĂ͘ Uŵ ƚĞƌĐĞŝƌŽ ƟƉŽ ƋƵĞ ǀĞƌĞŵŽƐ ĞŵďƌĞǀĞ Ɛſ ƉŽĚĞƌĄ ƐĞƌ ƉŽƐƐşǀĞů ƵƟůŝǌĂƌ ƋƵĂŶĚŽ
ĞƐƚƵĚĂƌŵŽƐ Ă ĐŚĂŵĂĚĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘ MĂƐ ƉŽƌ ŽƌĂ͕ ǀĞũĂŵŽƐ ĞƐƐĂƐ
ĚƵĂƐ ƉƌŝŵĞŝƌĂƐ ĨŽƌŵĂƐ ĚĞ ƉŽƚĞŶĐŝĂĕĆŽ͘

PƌŝŵĞŝƌŽ͕ ĂƉƌĞŶĚĞƌĞŵŽƐ Ă ĐĂůĐƵůĂƌ ƉŽƚġŶĐŝĂƐ ĚŽ ƟƉŽ ik͕ ĐŽŵ k ∈ Z+͘

PĂƌĂ ĞĨĞƚƵĂƌŵŽƐ ƚĂů ƉŽƚġŶĐŝĂ͕ ďĂƐƚĂ ĚŝǀŝĚŝƌŵŽƐ Ž ĞǆƉŽĞŶƚĞ ĚĂ ƉŽƚġŶĐŝĂ ƉŽƌ ƋƵĂƚƌŽ

Ğ ƐƵďƐƟƚƵŝƌŵŽƐ Ž ĞǆƉŽĞŶƚĞ ƉĞůŽ ƌĞƐƚŽ ĚĂ ĚŝǀŝƐĆŽ ĞĨĞƚƵĂĚĂ͘

IƐƐŽ ĂĐŽŶƚĞĐĞ ƉŽƌƋƵĞ ĂƐ ƉŽƚġŶĐŝĂƐ ĚĞ i ƐĞ ƌĞƉĞƚĞŵ Ğŵ ĐŝĐůŽƐ ĚĞ ƋƵĂƚƌŽ ƉŽƚġŶĐŝĂƐ͘ VĞũĂ͘
SĂďĞŵŽƐ ƋƵĞ i0 = 1͕ ĐĞƌƚŽ͍ E ƋƵĞ i1 = i͘ TĂŵďĠŵ ƐĂďĞŵŽƐ͕ ƉĞůĂ ĚĞĮŶŝĕĆŽ ĚĞ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕

ƋƵĞ i2 = −1͘ EŶƚĆŽ͗

i3 = i2 · i

= (−1) · i

= −i.

CĂůĐƵůĂŵŽƐ ĞŶƚĆŽ ƋƵĞ i3 = −i͘ áŐŽƌĂ͕ ĐĂůĐƵůĞŵŽƐ i4͗

i4 = i2 · i2

= (−1) · (−1)

ϭϭ
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= 1.

VĞũĂ ĞŶƚĆŽ ƋƵĞ i4 ƌĞƚŽƌŶĂ ƉĂƌĂ Ž ŵĞƐŵŽ ǀĂůŽƌ ƋƵĞ i0͘
EŶƚĆŽ͕ ƚĞŵŽƐ Ž ƐĞŐƵŝŶƚĞ ĐŝĐůŽ ƉĂƌĂ ĂƐ ƉŽƚġŶĐŝĂƐ ĚĞ i͗

VĞũĂŵŽƐ ĐŽŵŽ ƉŽĚĞŵŽƐ ƵƟůŝǌĂƌ ĞƐƐĞ ĨĂƚŽ ƉĂƌĂ ƌĞƐŽůǀĞƌŵŽƐ ƋƵĞƐƚƁĞƐ

���;ESSAͲϮϬϭϰͿ QUESTÃO ϲ

O ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ i102͕ ŽŶĚĞ i ƌĞƉƌĞƐĞŶƚĂ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕

;ĂͿ Ġ ƉŽƐŝƟǀŽ͘
;ďͿ Ġ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͘
;ĐͿ Ġ ƌĞĂů͘
;ĚͿ ĞƐƚĄ ŶĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ͘
;ĞͿ ĞƐƚĄ ŶĂ ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ͘

R͗ BĂƐƚĂ ĚŝǀŝĚŝƌŵŽƐ Ž ĞǆƉŽĞŶƚĞ ƉŽƌ 4 Ğ ƐƵďƐƟƚƵŝƌŵŽƐ Ž ĞǆƉŽĞŶƚĞ ƉĞůŽ ƌĞƐƚŽ ĚĂ ĚŝǀŝƐĆŽ͕ ĐŽŵŽ
ĂĐĂďĂŵŽƐ ĚĞ ǀĞƌ͗

ϭ Ϭ Ϯ
Ϯ Ϯ
Ϯ

ϰ
Ϯ ϱ

EŶƚĆŽ͗

i102 = i2

= −1.

TƌĂƚĂͲƐĞ͕ ƉŽƌƚĂŶƚŽ͕ ĚĞ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͘

GĂďĂƌŝƚŽ͗ C

ϭϮ
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EƐƐĂ Ġ͕ ĞŶƚĆŽ͕ ƵŵĂƐ ĚĂƐ ĨŽƌŵĂƐ ƋƵĞ ƚĞŵŽƐĚĞ ĐĂůĐƵůĂƌŵŽƐƉŽƚġŶĐŝĂƐ ĚĞ ĐŽŵƉůĞǆŽƐ͘ á ŽƵƚƌĂ ;ĞǆĐĞƚƵĂŶĚŽͲ
ƐĞ ĂƋƵĞůĂ ƋƵĞ ǀĞƌĞŵŽƐ ƐŽŵĞŶƚĞ ŶŽ ƉƌſǆŝŵŽ ĐĂƉşƚƵůŽͿ Ġ ďĂƐƚĂŶƚĞ ĞƐƉĞĐşĮĐĂ͗ ƚƌĂƚĂͲƐĞ ĚĂƐ ƉŽƚġŶĐŝĂƐ
ĚŽ ĐŽŵƉůĞǆŽ 1+ i͘ PĂƌĂ ŝƐƚŽ͕ ŽďƐĞƌǀĞ Ž ƋƵĞ ĂĐŽŶƚĞĐĞ ƋƵĂŶĚŽ ĐĂůĐƵůĂƌŵŽƐ (1+ i)2͗

(1+ i)2 = 1+ 2i+ i2

(1+ i)2 = 1+ 2i− 1

(1+ i)2 = 2i.

áŐŽƌĂ ǀĞũĂ ĐŽŵŽ ƉŽĚĞŵŽƐ ƵƟůŝǌĂƌ ĞƐƐĞ ƌĞƐƵůƚĂĚŽ ƉĂƌĂ ƌĞƐŽůǀĞƌŵŽƐ ƋƵĞƐƚƁĞƐ͘

���QUESTÃO ϳ

CĂůĐƵůĞ Ž ǀĂůŽƌ ĚŽ ŵſĚƵůŽ ĚŽ ĐŽŵƉůĞǆŽ z =
(4+ 4i)100

2250
͘

;ĂͿ 0
;ďͿ 1
;ĐͿ 2
;ĚͿ 3

R͗ PƌŝŵĞŝƌŽ͕ ŽďƐĞƌǀĞ Ž ƋƵĞ ƉŽĚĞŵŽƐ ĨĂǌĞƌ ĐŽŵ Ž ŶƵŵĞƌĂĚŽƌ ĚĂ ĞǆƉƌĞƐƐĆŽ ĚĂĚĂ͕ ŝŶŝĐŝĂůŵĞŶƚĞ
ĐŽůŽĐĂŶĚŽ Ž 4 Ğŵ ĞǀŝĚġŶĐŝĂ͗

(4+ 4i)100 = [4 · (1+ i)]100

= 4100 · (1+ i)100

= (22)100 · (1+ i)2·50

= 2200 · (1+ i)2·50

= 2200 · [(1+ i)2]50

= 2200 · (2i)50

= 2200 · 250 · i50

= 2250 · i50

VĞũĂ ƋƵĞ 50 ĚŝǀŝĚŝĚŽ ƉŽƌ 4 ĚĞŝǆĂ ƌĞƐƚŽ 2͕ ůŽŐŽ͗

(4+ 4i)100 = 2250 · i2

= 2250 · (−1).

ϭϯ
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SƵďƐƟƚƵŝŶĚŽ ŶĂ ĞǆƉƌĞƐƐĆŽ ĂƉƌĞƐĞŶƚĂĚĂ͗

z =
(4+ 4i)100

2250

=
2250 · (−1)

2250

= −1.

áƐƐŝŵ͕ ƚĞŵŽƐ͗ |z| = |− 1| = 1͘

GĂďĂƌŝƚŽ͗ B

CŽŶũƵŐĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ

O ĐŽŶũƵŐĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = a+ bi Ġ Ž ĐŽŵƉůĞǆŽ͗

z̄ = a− bi

VĞũĂ ƋƵĞ ƉĂƌĂ ŝĚĞŶƟĮĐĂƌŵŽƐ Ž ĐŽŶũƵŐĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ƋƵĂůƋƵĞƌ͕ ĚĞƐĞŶŚĂͲƐĞ ƵŵĂ
ůŝŶŚĂ ŚŽƌŝǌŽŶƚĂů ƐŽďƌĞ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘ MƵŝƚĂƐ ǀĞǌĞƐ ƚĂŵďĠŵ ƐĞ ƵƟůŝǌĂ Ă ŶŽƚĂĕĆŽ ĚĞ ůŝŶŚĂ͕ ŝƐƚŽ Ġ͕
z ′͘

VĞũĂŵŽƐ ĂůŐƵŶƐ ĞǆĞŵƉůŽ͘Ɛ UƟůŝǌĂƌĞŝ Ă ƚĂďĞůĂ ĂŶĂůŝƐĂĚĂ ĂŶƚĞƌŝŽƌŵĞŶƚĞ ƉĂƌĂ ŶŽƐ ĂũƵĚĂƌ ŶŽ ĐĄůĐƵůŽ
ĚĞ ĂůŐƵŶƐ ĐŽŶũƵŐĂĚŽƐ͗

z = a+ bi a b z̄ = a− bi

2+ 3i 2 3 2− 3i

−5+ 4i −5 4 −5− 4i

4i− 3 −3 4 −4i− 3

2+ i 2 1 2− i

2− i 2 −1 2+ i

7i 0 7 −7i

3 3 0 3

1

2
−

√
3

2
i

1

2
−

√
3

2

1

2
+

√
3

2
i

π−
√
7i π −

√
7 π+

√
7i

ϭϰ
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áĐŝŵĂ ǀĞŵŽƐ͕ ŶĂ ƷůƟŵĂ ĐŽůƵŶĂ͕ Ž ĐŽŶũƵŐĂĚŽ ĚŽ ĐŽŵƉůĞǆŽ ƉƌĞƐĞŶƚĞ ŶĂ ƉƌŝŵĞŝƌĂ ĐŽůƵŶĂ͘ VĞũĂ ƋƵĞ
ĂŽ ĐĂůĐƵůĂƌŵŽƐ Ž ĐŽŶũƵŐĂĚŽ͕ Ž ƋƵĞ ƌĞĂůŵĞŶƚĞ ƐĞ ĂůƚĞƌĂ Ġ Ž ƐŝŶĂů ĚĂ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ͘

Uŵ ĨĂƚŽ ŝŵƉŽƌƚĂŶƚĞ ƐŽďƌĞ Ž ĐŽŶũƵŐĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ Ġ Ž ƋƵĞ ĂĐŽŶƚĞĐĞ ƋƵĂŶĚŽ ŵƵůƟͲ
ƉůŝĐĂŵŽƐ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ƋƵĂůƋƵĞƌ ƉĞůŽ ƐĞƵ ƉƌſƉƌŝŽ ĐŽŶũƵŐĂĚŽ͘ VĞũĂ͗

CŽŶƐŝĚĞƌĞ Ƶŵ ĐŽŵƉůĞǆŽ z = a+ bi͘ EŶƚĆŽ z̄ = a− bi͕ ĚĂş͗

z · z̄ = (a+ bi) · (a− bi)

= a2 − abi+ abi− b2i2

= a2 − b2 · (−1)

= a2 + b2.

E ǀĞũĂ ƋƵĞ͗

|z| =
√

a2 + b2

|z|2 = a2 + b2.

LŽŐŽ͕ ƉŽĚĞŵŽƐ ĂĮƌŵĂƌ ƋƵĞ͗

z · z̄ = |z|2

IƐƐŽ ƋƵĞƌ ĚŝǌĞƌ ƋƵĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ŵƵůƟƉůŝĐĂĚŽ ƉĞůŽ ƐĞƵ ĐŽŶũƵŐĂĚŽ Ġ ƐĞŵƉƌĞ ŝŐƵĂů ĂŽ ƋƵĂͲ
ĚƌĂĚŽ ĚĞ ƐĞƵ ŵſĚƵůŽ͘ IƐƐŽ ƚĞŵ ƵŵĂ ƵƟůŝĚĂĚĞ ŐƌĂŶĚĞ ŶĂ ŚŽƌĂ ĚĞ ĚŝǀŝĚŝƌŵŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͕ ƋƵĞ
Ġ Ž ƋƵĞ ǀĞƌĞŵŽƐ Ă ƐĞŐƵŝƌ͘

Sŝŵ͕ ŵĂƐ ŶĆŽ ƋƵĂůƋƵĞƌ ƐŝŶĂů͊ TĞŵŽƐ ĚĞ ƚƌŽĐĂƌ
Ž ƐŝŶĂů ĚĂ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ͊ PĞƌĐĞďĂ ƋƵĞ ŶƷŵĞͲ
ƌŽƐ ƌĞĂŝƐ ƉƵƌŽƐ͕ ƉŽƌ ŶĆŽ ƚĞƌĞŵ ƉĂƌƚĞƐ ŝŵĂŐŝŶĄƌŝĂƐ͕
NÃO ƐĞ ĂůƚĞƌĂŵ ƋƵĂŶĚŽ ĐĂůĐƵůĂŵŽƐ ƐĞƵƐ ĐŽŶũƵŐĂͲ
ĚŽƐ͘ EŶƚĆŽ͕ ƐĞ ĞƵ ƚĞ ƉĞĚŝƌ ƉĂƌĂ ĐĂůĐƵůĂƌ Ž ĐŽŶũƵͲ
ŐĂĚŽ ĚĞ z = 7͕ ƚĞƌĞŵŽƐ z̄ = 7͘ EŶƚĆŽ͕ ŶĆŽ ƉŽĚĞ
ƐĞƌ ƋƵĂůƋƵĞƌ ƐŝŶĂů͘ TĞŵĚĞ ƐĞƌ Ž ƐŝŶĂů ĚĂ ƉĂƌƚĞ ŝŵĂͲ
ŐŝŶĄƌŝĂ͕ ƋƵĂŶĚŽ ŚŽƵǀĞƌ͘ TƵĚŽ ďĞŵ͍ EŶƚĆŽ ǀĂŵŽƐ

ůĄ͕ ƉĂƌĂ Ă ĚŝǀŝƐĆŽ ĞŶƚƌĞ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͘ SŝŐĂŵŽƐ͊

ϭϱ
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DŝǀŝƐĆŽ

IŵĂŐŝŶĞ ƋƵĞ ƋƵĞŝƌĂŵŽƐ ĚŝǀŝĚŝƌ Ž ĐŽŵƉůĞǆŽ z1 ƉĞůŽ ĐŽŵƉůĞǆŽ z2͕ ĐŽŵ z2 ̸= 0͘ EŶƚĆŽ͕ ŶĂ ǀĞƌĚĂĚĞ͕
ĞƐƚĂŵŽƐ ƋƵĞƌĞŶĚŽ ĐĂůĐƵůĂƌ Ž ƌĞƐƵůƚĂĚŽ ĚĂ ŽƉĞƌĂĕĆŽ͗ z1

z2
͘ PĂƌĂ ĨĂǌĞƌŵŽƐ ŝƐƐŽ͕ ďĂƐƚĂ ŵƵůƟƉůŝĐĂƌŵŽƐ Ž

ŶƵŵĞƌĂĚŽƌ Ğ Ž ĚĞŶŽŵŝŶĂĚŽƌ ĚĞƐƐĂ ĨƌĂĕĆŽ ƉŽƌ z̄2͕ ŝƐƚŽ Ġ͕ ƉĞůŽ ĐŽŶũƵŐĂĚŽ ĚĞ z2͘ VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ͗

���QUESTÃO ϴ

á ƉĂƌƚĞ ƌĞĂů ĚŽ ĐŽŵƉůĞǆŽ z =
2+ 3i

1− 5i
Ġ Ž ŶƷŵĞƌŽ ƌĞĂů͗

;ĂͿ 1

2

;ďͿ −1

2
;ĐͿ 2
;ĚͿ −2

R͗ FĂĕĂŵŽƐ Ž ƋƵĞ ĨŽŝ ƐƵŐĞƌŝĚŽ͕ ŝƐƚŽ Ġ͕ ĞĨĞƚƵĞŵŽƐ Ž ƉƌŽĚƵƚŽ ĚŽ ŶƵŵĞƌĂĚŽƌ Ğ ƉĞůŽ ĚĞŶŽŵŝŶĂĚŽƌ
ƉĞůŽ ĐŽŶũƵŐĂĚŽ ĚĞ 1− 5i͗

z =
2+ 3i

1− 5i

=
(2+ 3i)(1+ 5i)

(1− 5i)(1+ 5i)

=
2+ 10i+ 3i+ 15i2

12 + 52

=
2+ 10i+ 3i− 15

1+ 25

=
−13+ 13i

26

=
−13

26
+

13

26
i

= −
1

2
+

1

2
i.

LŽŐŽ͕ RĞ(z) = −
1

2
͘

GĂďĂƌŝƚŽ͗ B

ϭϲ

Ismael de Paula dos Santos, Italo Marinho Sá Barreto

Aula 00

Matemática II p/ EFOMM 2019 (Escola de Formação de Oficiais da Marinha Mercante)  Com videoaulas

www.estrategiaconcursos.com.br



ϭ͘ϯ P½�ÄÊ �� áÙ¦�Ä�ͲG�çÝÝ

LĞŵďƌĂ ƋƵĞ ůĄ ŶŽ ŝŶşĐŝŽ ĚĞ ŶŽƐƐŽ ůŝǀƌŽ ĞůĞƚƌƀŶŝĐŽ ĐŚĞŐƵĞŝ Ă ŵĞŶĐŝŽŶĂƌ ƋƵĞ Ă ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ ĚĞ
Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ƚĂŵďĠŵ ƉŽĚĞ ƐĞƌ ĐŚĂŵĂĚĂ ĚĞ Ă ĨŽƌŵĂ ĐĂƌƚĞƐŝĂŶĂ͍ áŐŽƌĂ ǀŽĐġ ƚĞƌĄ ƵŵĂ ŶŽĕĆŽ
ďĞŵ ŵĞůŚŽƌ ĚŽ ƉŽƌƋƵġ͘ VĂŵŽƐ ůĄ͕ ĞŶƚĆŽ͘

O ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ Ġ Ƶŵ ƉůĂŶŽ ĐĂƌƚĞƐŝĂŶŽ ĐŽŵŽ Ž ĂďĂŝǆŽ͗
Im

Re

VĞũĂ ƋƵĞ ŶĆŽ ƚĞŵŽƐ ŵĂŝƐ Ƶŵ ĞŝǆŽ x͕ ŵĂƐ Ɛŝŵ Ƶŵ ĞŝǆŽ ƌĞĂů͖ ƚĂŵďĠŵ ŶĆŽ ƚĞŵŽƐ ŵĂŝƐ Ƶŵ ĞŝǆŽ
y͕ ƚĞŵŽƐ Ƶŵ ĞŝǆŽ ŝŵĂŐŝŶĄƌŝŽ͘ É ďĂƐƚĂŶƚĞ ĨĄĐŝů ĚĞ ƵƟůŝǌĂƌ͕ ŶĂ ǀĞƌĚĂĚĞ͘ PŽƌ ĞǆĞŵƉůŽ͘ ƐƵƉŽŶŚĂ ƋƵĞ
ƋƵĞŝƌĂŵŽƐ ƌĞƉƌĞƐĞŶƚĂƌ͕ ŶŽ ƉůĂŶŽ͕ Ž ĐŽŵƉůĞǆŽ z = 4+ 5i͘ VĞũĂ ĐŽŵŽ ƉŽĚĞŵŽƐ ĨĂǌĞƌ ŝƐƐŽ͗

Im

Re
4

5

z

A

Vġ Ž ƋƵĞ ĮǌĞŵŽƐ͍ NŽ ĞŝǆŽ ƌĞĂů ŵĂƌĐĂŵŽƐ Ă ƉĂƌƚĞ ƌĞĂů ĚĞ z ;ƋƵĞ Ġ 4Ϳ͖ ŶŽ ĞŝǆŽ ŝŵĂŐŝŶĄƌŝŽ ŵĂƌĐĂŵŽƐ
Ă ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ ĚĞ z ;ƋƵĞ Ġ 5Ϳ͘

O ƉŽŶƚŽ A Ġ Ƶŵ ƉŽŶƚŽ ĐŚĂŵĂĚŽ ĚĞ ĂĮǆŽ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z͘ EůĞ ƌĞƉƌĞƐĞŶƚĂ ŐƌĂĮĐĂŵĞŶƚĞ Ž

ϭϳ
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ĐŽŵƉůĞǆŽ͘ MƵŝƚĂƐ ǀĞǌĞƐ Ž ĐŽŵƉůĞǆŽ ƚĂŵďĠŵ ƐĞƌĄ ƌĞƉƌĞƐĞŶƚĂĚŽ ƉĞůĂ ƐĞƚĂ ǀĞƌŵĞůŚĂ ƋƵĞ ŝŶĚŝĐĂŵŽƐ
ĂĐŝŵĂ͕ ƉĂƌƟŶĚŽ ƐĞŵƉƌĞ ĚĂ ŽƌŝŐĞŵ ĚŽ ƉůĂŶŽ ĂƚĠ Ž ĂĮǆŽ͘

VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ ĚĞ ƋƵĞƐƚĆŽ ;ůĞŵďƌĂŶĚŽ ƋƵĞ͕ ƉŽƌ ĞŶƋƵĂŶƚŽ͕ ƌĞƐŽůǀĞƌĞŵŽƐ ĂƉĞŶĂƐ ƋƵĞƐƚƁĞƐ
ĚĞ ƉƵƌĂ ĂƉůŝĐĂĕĆŽ͕ ƐĞŵŵƵŝƚĂ ĐŽŵƉůŝĐĂĕĆŽ͖ ĂƐ ĐŽŵƉůŝĐĂĕƁĞƐ ƐĞƌĆŽ ĨĞŝƚĂƐ ŶĂƐ ƌĞƐŽůƵĕƁĞƐ ĚŽƐ ĞǆĞƌĐşĐŝŽƐ
ĚĂ ƐĞĕĆŽ ĚĞ ƋƵĞƐƚƁĞƐ ĐŽŵĞŶƚĂĚĂƐͿ͗

���;EEARͲϮϬϬϯͿ QUESTÃO ϵ

OƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ ƋƵĞ ĐŽƌƌĞƐƉŽŶĚĞŵ ĂŽƐ ƉŽŶƚŽƐ A Ğ B ĚŽ ŐƌĄĮĐŽ ƐĆŽ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕

;ĂͿ (1+ 3i)͖ (−3− 2i)

;ďͿ (3+ i)͖ (−2− 3i)

;ĐͿ (−3− 2i)͖ (1+ 3i)

;ĚͿ (−2− 3i)͖ (3+ i)

R͗ VĞũĂ ƋƵĞ Ž ĐŽŵƉůĞǆŽ ƌĞƉƌĞƐĞŶƚĂĚŽ ƉŽƌA ƚĞŵ ƉĂƌƚĞ ƌĞĂů 1 Ğ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ 3͖ ůŽŐŽ͕ ƚƌĂƚĂͲƐĞ ĚŽ
ĐŽŵƉůĞǆŽ 1+ 3i ;ƉĞƌĐĞďĂ ƋƵĞ ŝƐƐŽ ũĄ ƌĞƐŽůǀĞ Ă ƋƵĞƐƚĆŽ ƉŽƌ ĞůŝŵŝŶĂĕĆŽͿ͘
O ĐŽŵƉůĞǆŽ B ƉŽƐƐƵŝ ƉĂƌƚĞ ƌĞĂů −3 Ğ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ −2͖ ůŽŐŽ͕ ƚƌĂƚĂͲƐĞ ĚŽ ĐŽŵƉůĞǆŽ −3− 2i͘

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϭϵͿ QUESTÃO ϭϬ

SĞũĂŵ Z1 = 3+ 3i͕Q Ğ R ĂƐ ƌĞƐƉĞĐƟǀĂƐ ƌĞƉƌĞƐĞŶƚĂĕƁĞƐ͕ ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͕ ĚŽƐ ŶƷŵĞƌŽƐ
ĐŽŵƉůĞǆŽƐ Z2 Ğ Z3͘

ϭϴ
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áƐƐŝŵ͕ Ġ ĐŽƌƌĞƚŽ ĂĮƌŵĂƌ ƋƵĞ Z1 =

;ĂͿ Z2 − Z3

;ďͿ Z2 + Z3

;ĐͿ −Z2 + Z3

;ĚͿ −Z2 − Z3

R͗ SĞŵ ŵŝƐƚĠƌŝŽƐ͕ ǀĂŵŽƐ ĂĐŚĂƌ Z2͘ O ƉƌŽďůĞŵĂ Ěŝǌ ƋƵĞ Z2 Ġ ƌĞƉƌĞƐĞŶƚĂĚŽ ƉŽƌQ͘ O ĂĮǆŽQ ƚĞŵ
ƉĂƌƚĞ ƌĞĂů 1 Ğ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ−2͖ ůŽŐŽ Z2 = 1− 2i͘ O ĂĮǆŽ R ƚĞŵ ƉĂƌƚĞ ƌĞĂů−2 Ğ ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ
−5͖ ůŽŐŽ͕ Z3 = −2− 5i͘ VĞũĂ ƚĂŵďĠŵ ƋƵĞ͕ ůĞŵďƌĂŶĚŽ ƋƵĞ Z1 = 3+ 3i͗

Z2 − Z3 = (1− 2i) − (−2− 5i)

= 1− 2i+ 2+ 5i

= 3+ 3i

= Z1.

LŽŐŽ͕ Z1 = Z2 − Z3͘

GĂďĂƌŝƚŽ͗ A

ϭϵ
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IŶƚĞƌƉƌĞƚĂĕĆŽ ŐĞŽŵĠƚƌŝĐĂ ĚŽ ŵſĚƵůŽ

CŽƌƵũĂ͕ ŝŶĐƌŝǀĞůŵĞŶƚĞ͕ Ɛŝŵ͘ TƵĚŽ Ž ƋƵĞ ĞƐƚŽƵ ĨĂͲ
ůĂŶĚŽ Ġ ƌŝŐŽƌŽƐĂŵĞŶƚĞ ŝŵƉŽƌƚĂŶƚĞ ƉĂƌĂ Ă ŐĞŶƚĞ͘
NƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ ƐĆŽ ƐŝŵƉůĞƐ Ğŵ ƐƵĂƐ ŽƉĞƌĂͲ
ĕƁĞƐ͕ ŵĂƐ ŶĆŽ ƐĆŽ ƚĆŽ ƐŝŵƉůĞƐ ƋƵĂŶĚŽ ĐŽŵĞĕĂͲ
ŵŽƐ Ă ƚƌĂƚĄͲůŽƐ ŐƌĂĮĐĂŵĞŶƚĞ͘ EŶƚĆŽ͕ ƋƵĂŶƚŽ ŵĂŝƐ
ƐŽƵďĞƌŵŽƐ ƐŽďƌĞ Ă ŐĞŽŵĞƚƌŝĂ Ğ Ă ƚƌŝŐŽŶŽŵĞƚƌŝĂ
ĚŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͕ ŵĞůŚŽƌ͘ PƌŝŶĐŝƉĂůŵĞŶƚĞ
ƉŽƌƋƵĞ ƋƵĂŶĚŽ ĐŽŵĞĕĂƌŵŽƐ Ă ĨĂůĂƌ ĚĂƐ ůĞŝƐ ĚĞ DĞ

MŽŝǀƌĞ͕ Ž ĂƐƐƵŶƚŽ ĮĐĂƌĄ ŵĞƚĂĚĞ ĂůŐĠďƌŝĐŽ Ğ ŵĞƚĂĚĞ ŐĞŽŵĠƚƌŝĐŽ͕ ĞŶƚĆŽ͕ ũĄ ĚĞǀĞŵŽƐ ĐŽŵĞĕĂƌ ĚĞ
ĂŐŽƌĂ͘ EŶƚĆŽ ĞŶƚĞŶĚĂŵŽƐ Ă ƉƌĞƐĞŶĕĂ ĚŽ ŵſĚƵůŽ ĐŽŵŽ ĞůĞŵĞŶƚŽ ŐĞŽŵĠƚƌŝĐŽ Ğ ŵĂŶƚĞŶŚĂŵŽƐ Ă
ŶŽƐƐĂ ĂƚĞŶĕĆŽ ĨŽĐĂĚĂ͘ SŝŐĂŵŽƐ͊

OďƐĞƌǀĞ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = a+ bi ĂďĂŝǆŽ͗
Im

Re
a

b

|z|

A

PŽĚĞŵŽƐ ĞǆƚƌĂŝƌ Ƶŵ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ ĚĞƐƐĂ ĮŐƵƌĂ͕ ĚĂ ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

|z|

a

b

UƟůŝǌĂŶĚŽ Ž ƚĞŽƌĞŵĂ ĚĞ PŝƚĄŐŽƌĂƐ͗

|z|2 = a2 + b2

|z| =
√

a2 + b2.

ϮϬ
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E ĚĂş͕ ĮŶĂůŵĞŶƚĞ͕ ĞŶƚĞŶĚĞŵŽƐ ƋƵĂů Ġ Ă ŵŽƟǀĂĕĆŽ ĚŽ ŵſĚƵůŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͗ ƚƌĂƚĂͲƐĞ
ĚŽ ĐŽŵƉƌŝŵĞŶƚŽ ĚŽ ƐĞŐŵĞŶƚŽ ǀĞƌŵĞůŚŽ͕ ŝƐƚŽ Ġ͕ Ž ƐĞŐŵĞŶƚŽ ƋƵĞ ƵŶĞ Ă ŽƌŝŐĞŵ ĂŽ ĂĮǆŽ ĚŽ ĐŽŵƉůĞǆŽ
Ğŵ ƋƵĞƐƚĆŽ͘

EŶƚĞŶĚĞƌĞŵŽƐ ŝƐƐŽ ĐŽŵ ŵĂŝƐ ĐĂůŵĂ ŶĂ ƌĞƐŽůƵĕĆŽ ĚŽƐ ĞǆĞƌĐşĐŝŽƐ͘

AƌŐƵŵĞŶƚŽ

CŽŵĞĐĞŵŽƐ ĐŽŵ ĂƋƵĞĕĂƐ ĨƌĂƐĞƐ ƋƵĞ Ă ŐĞŶƚĞ ůġ Ğ ƋƵĂƐĞ ŶĂĚĂ Ġ ſďǀŝŽ͘ VĂŵŽƐ ůĄ͗
AƌŐƵŵĞŶƚŽ Ġ Ž ąŶŐƵůŽ ;ŵĞĚŝĚŽ Ğŵ ƌĂĚŝĂŶŽƐͿ ĂŶƟͲŚŽƌĄƌŝŽ ĨŽƌŵĂĚŽ ĞŶƚƌĞ Ƶŵ ĐŽŵƉůĞǆŽ Ğ Ž ƐĞŵŝͲ

ĞŝǆŽ ƌĞĂů ƉŽƐŝƟǀŽ͘
VĞũĂ ĂůŐƵŶƐ ĞǆĞŵƉůŽƐ͗

OďƐĞƌǀĞ ŽƐ ąŶŐƵůŽƐ ǀĞƌĚĞƐ ŶŽƐ ĞǆĞŵƉůŽƐ ĂĐŝŵĂ͘ CĂĚĂ Ƶŵ ĚĞƐƐĞƐ ƋƵĂƚƌŽ ąŶŐƵůŽƐ ƐĆŽ ŽƐ ĂƌŐƵŵĞŶͲ
ƚŽƐ ĚŽƐ ƌĞƐƉĞĐƟǀŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ ƋƵĞ ƌĞƉƌĞƐĞŶƚĂŵ͘

Ϯϭ
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O ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ Ġ ǀŽĐġ ƉĞƌĐĞďĞƌ ƋƵĞ ƋƵĂŶƚŽ ŵĂŝƐ ůŽŶŐĞ ĚŽ ƉƌŝŵĞŝƌŽ ƋƵĂĚƌĂŶƚĞ͕ ŵĂŝŽƌ Ġ Ž ąŶͲ
ŐƵůŽ͘ EŶƚĆŽ͕ ă ŵĞĚŝĚĂ ƋƵĞ ƉĂƐƐĂŵŽƐ ĚĞ ƋƵĂĚƌĂŶƚĞ Ğŵ ƋƵĂĚƌĂŶƚĞ͕ ǀĂŵŽƐ ŐĂŶŚĂŶĚŽ ŵĂŝƐ Ğ ŵĂŝƐ ąŶͲ
ŐƵůŽ͕ ĐŽŵŽ ƉŽĚĞŵŽƐ ǀĞƌ ŶŽ ĞǆĞŵƉůŽ͘ VĞũĂ ƋƵĞ Ă ƷůƟŵĂ ĮŐƵƌĂ͕ ƋƵĞ ƌĞƉƌĞƐĞŶƚĂ Ž ĐŽŵƉůĞǆŽ z = 6−2i͕
ƚĞŵ Ž ŵĂŝŽƌ ĂƌŐƵŵĞŶƚŽ ;ŵĂŝŽƌ ąŶŐƵůŽ ǀĞƌĚĞͿ͕ ƉŽŝƐ ĞƐƚĄ ƋƵĂƐĞ ĐŽŵƉůĞƚĂŶĚŽ ƵŵĂ ǀŽůƚĂ͘

Eŵ ƌĞƐƵŵŽ͗ ƋƵĂŶƚŽ ŵĂŝƐ ƉĞƌƚŽ ĚĞ ĐŽŵƉůĞƚĂƌ ƵŵĂ ǀŽůƚĂ͕ ŵĂŝŽƌ ƐĞƌĄ Ž ĂƌŐƵŵĞŶƚŽ ;ůĞŵďƌĂŶĚŽ Ğŵ
ƐĞŵƉƌĞ ƉĞŶƐĂƌ ŶĂ ǀŽůƚĂ ĂŶƟͲŚŽƌĄƌŝĂ͘ VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ͘

���QUESTÃO ϭϭ

CĂůĐƵůĞ Ž ĂƌŐƵŵĞŶƚŽ ĚŽ ĐŽŵƉůĞǆŽ
√
3− i͘

;ĂͿ 5π

6

;ďͿ 7π

6

;ĐͿ 9π

6

;ĚͿ 11π

6

R͗ PƌŝŵĞŝƌŽ͕ ŵĂƌƋƵĞŵŽƐ ĞƐƐĞ ĐŽŵƉůĞǆŽ ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͗
Im

Re

√

3

−1

α

90
◦

90
◦

90
◦

VĞũĂ ƋƵĞ ŶŽ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ ĨŽƌŵĂĚŽ ĞŵďĂŝǆŽ͕ ƉŽĚĞŵŽƐ ƵƐĂƌ ĚĞ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ƉĂƌĂ
ĐĂůĐƵůĂƌŵŽƐ Ž ąŶŐƵůŽ α͗

ƚŐα =

√
3

1

ƚŐα =
√
3

α = 60◦.

ϮϮ
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DĂş͕ ƉŽƌƚĂŶƚŽ͕ Ž ĂƌŐƵŵĞŶƚŽ ĚĞƐƐĞ ĐŽŵƉůĞǆŽ Ġ͗ 90◦ + 90◦ + 90◦ + 60◦ = 330◦͘ PŽƌĠŵ͕ ĚĞǀĞŵŽƐ
ƉĂƐƐĂƌ ĞƐƐĞ ĂƌŐƵŵĞŶƚŽ ƉĂƌĂ ƌĂĚŝĂŶŽƐ ;ůĞŵďƌĂŶĚŽ ƋƵĞ͕ ƉĂƌĂ ŝƐƐŽ͕ ďĂƐƚĂ ŵƵůƟƉůŝĐĂ ƉŽƌ π

180◦
͕ ďĂƐƚĂ

ĞĨĞƚƵĂƌ ĞƐƐĂ ŵƵůƟƉůŝĐĂĕĆŽͿ͗

330◦ · π

180◦
=

330◦ · π
180◦

=
33π

18

=
11π

6
.

GĂďĂƌŝƚŽ͗ D

NĆŽ ƐĞ ƉƌĞŽĐƵƉĞ ƋƵĂŶƚŽ ĂŽ ĞŶƚĞŶĚŝŵĞŶƚŽ ƋƵĞ ƉŽƐƐĂ ǀŝƌ Ă ĞƐƚĂƌ ĚĞĨĂƐĂĚŽ ŶŽ ŵŽŵĞŶƚŽ͘ RĞǀĞͲ
ƌĞŵŽƐ ƚŽĚŽ ĞƐƐĞ ĐŽŶƚĞƷĚŽ ŶĂ ĨŽƌŵĂ ĚĞ ĞǆĞƌĐşĐŝŽƐ͘ áŐŽƌĂ͕ ĞƐƚƵĚĂƌĞŵŽƐ Ă ĨĂŵŽƐĂ Ğ Ƶŵ ƉŽƵĐŽ ŵĂŝƐ
ĐŽŵƉůŝĐĂĚĂ ƐĞŐƵŶĚĂ ĨŽƌŵĂ ĚŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͗ Ă ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ͘ VĂŵŽƐ ůĄ͕ ĞŶƚĆŽ͊

PƌŽƉƌŝĞĚĂĚĞƐ ĂůŐĠďƌŝĐĂƐ ĚŽ ŵſĚƵůŽ

SĞŐƵĞŵ ĂƐ ƉƌŝŶĐŝƉĂŝƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ĂůŐĠďƌŝĐĂƐ͗

ͻ |z1 · z2| = |z1| · |z2|͖

ͻ
∣

∣

∣

∣

z1
z2

∣

∣

∣

∣

=
|z1|

|z2|
͖

ͻ |z| = |z̄|͖

ͻ |RĞ(z)| ≤ |z| Ğ |Iŵ(z)| ≤ |z|͖

ͻ |z| ≥ 0͘

VĞũĂŵŽƐ ƵŵĂ ĂƉůŝĐĂĕĆŽ ĚŝƌĞƚĂ ĚĞƐƐĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ͗

���;ESSAͲϮϬϭϯͿ QUESTÃO ϭϮ

CŽŵ ƌĞůĂĕĆŽ ĂŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ z1 = 2 + i Ğ z2 = 1 − i͕ ŽŶĚĞ i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ Ġ
ĐŽƌƌĞƚŽ ĂĮƌŵĂƌ

;ĂͿ z1 · z2 = −3+ i

;ďͿ |z1| =
√
2

Ϯϯ
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;ĐͿ |z2| =
√
5

;ĚͿ |z1 · z2| =
√
10

;ĞͿ |z1 + z2| =
√
3

R͗ CŽŵĞŶƚĞŵŽƐ ĂůƚĞƌŶĂƟǀĂ ƉŽƌ ĂůƚĞƌŶĂƟǀĂ͗

;ĂͿ FĂĕĂŵŽƐ ŽƐ ĐĄůĐƵůŽƐ͗

z1 · z2 = (2+ i) · (1− i)

= 2 · 1− 2 · i+ i · 1− i · i

= 2− 2i+ i+ 1

= 3− i.

VĞŵŽƐ ƋƵĞ ŶĆŽ ĨŽŝ Ž ƋƵĞ Ă ĂůƚĞƌŶĂƟǀĂ ĚŝƐƐĞ ƋƵĞ ĚĂƌŝĂ Ž ĐĄůĐƵůŽ͕ ƉŽƌƚĂŶƚŽ͕ ŶĆŽ ƐĞ ƚƌĂƚĂ ĚĞƐƐĂ
ĂůƚĞƌŶĂƟǀĂ͘

;ďͿ LĞŵďƌĂŶĚŽ ĚĂ ĚĞĮŶŝĕĆŽ ĚĞ ŵſĚƵůŽ͗

|z1| =
√

22 + 12

=
√

4+ 1

=
√
5.

áůƚĞƌŶĂƟǀĂ ĨĂůƐĂ͘

;ĐͿ NŽǀĂŵĞŶƚĞ͕ ƵƟůŝǌĂŶĚŽ Ă ĚĞĮŶŝĕĆŽ ĚĞ ŵſĚƵůŽ͗

|z1| =
√

12 + (−1)2

=
√

1+ 1

=
√
2.

áůƚĞƌŶĂƟǀĂ ĨĂůƐĂ͘

Ϯϰ
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;ĚͿ UƟůŝǌĂŶĚŽͲŶŽƐ ĚĂƐ ĚƵĂƐ ĂůƚĞƌŶĂƟǀĂƐ ĂŶƚĞƌŝŽƌĞƐ ĚĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ƋƵĞ ĞƐƚƵĚĂŵŽƐ ƐŽďƌĞ
ŵſĚƵůŽƐ͗

|z1 · z2| = |z1| · |z2|

=
√
5 ·

√
2

=
√
10.

áůƚĞƌŶĂƟǀĂ ǀĞƌĚĂĚĞŝƌĂ͘

;ĞͿ FĂĕĂŵŽƐ ŽƐ ĐĄůĐƵůŽƐ͗

|z1 + z2| = |2+ i+ 1− i|

= |3|

= 3.

áůƚĞƌŶĂƟǀĂ ĨĂůƐĂ͘

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϬϮͿ QUESTÃO ϭϯ

O ǀĂůŽƌ ĚĞm͕ ƉĂƌĂ ƋƵĞ Ž ŵſĚƵůŽ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ Z = (m+ 2i)(1+ i) ƐĞũĂ ŝŐƵĂů Ă 4͕ Ġ

;ĂͿ ±1͘
;ďͿ ±2͘
;ĐͿ ±3͘
;ĚͿ ǌĞƌŽ͘

R͗ FĂĕĂŵŽƐ ŽƐ ĐĄůĐƵůŽƐ ƵƟůŝǌĂŶĚŽ ĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ĚĞ ŵſĚƵůŽƐ͗

|Z| = |(m+ 2i)(1+ i)| = 4

Ϯϱ

Ismael de Paula dos Santos, Italo Marinho Sá Barreto

Aula 00

Matemática II p/ EFOMM 2019 (Escola de Formação de Oficiais da Marinha Mercante)  Com videoaulas

www.estrategiaconcursos.com.br



|(m+ 2i)| · |(1+ i)| = 4
√

m2 + 4 ·
√

12 + 12 = 4
√

(m2 + 4) · 2 = 4

(m2 + 4) · 2 = 16

m2 + 4 = 8

m2 = 4

m = ±2.

GĂďĂƌŝƚŽ͗ B

Ϯϲ

Ismael de Paula dos Santos, Italo Marinho Sá Barreto

Aula 00

Matemática II p/ EFOMM 2019 (Escola de Formação de Oficiais da Marinha Mercante)  Com videoaulas

www.estrategiaconcursos.com.br



Ϯ͘Ϭ NéÃ�ÙÊÝ �ÊÃÖ½�øÊÝ͗ ¥ÊÙÃ� ãÙ®¦ÊÄÊÃ�ãÙ®��

Ϯ͘ϭ áÝÖ��ãÊÝ ¦�Ù�®Ý

FŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ŽƵ ƉŽůĂƌ

áŶƚĞƐ ĚĞ ƋƵĂůƋƵĞƌ ĐŽŝƐĂ͕ ŽďƐĞƌǀĞŵŽƐ Ž ĐŽŵƉůĞǆŽ ŐĞƌĂů ĂďĂŝǆŽ͕ z = a+ bi͗
Im

Re
a

b

|z|

A

ϕ

SĞƉĂƌĞŵŽƐ Ž ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ ĚĂ ĮŐƵƌĂ ĂĐŝŵĂ͗

|z|

a

b

ϕ

áŐŽƌĂ͕ ƵƟůŝǌĂƌĞŵŽƐ ĂůŐƵŵĂ ƚƌŝŐŽŶŽŵĞƚƌŝĂ͘ LĞŵďƌĞŵŽͲŶŽƐ ĚĞ ƋƵĞ͗

ƐĞŶϕ =
CĂƚĞƚŽ ŽƉŽƐƚŽ
HŝƉŽƚĞŶƵƐĂ Ğ ĐŽƐϕ =

CĂƚĞƚŽ ĂĚũĂĐĞŶƚĞ
HŝƉŽƚĞŶƵƐĂ

DĞƐƐĂ ĨŽƌŵĂ͕ ƚĞŵŽƐ͗

ƐĞŶϕ =
b

|z|
Ğ ĐŽƐϕ =

a

|z|

LŽŐŝĐĂŵĞŶƚĞ͕ ĞŶƚĆŽ͕ ƉŽĚĞŵŽƐ ĞƐĐƌĞǀĞƌ ƋƵĞ͗

Ϯϳ
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b = |z| · ƐĞŶϕ Ğ a = |z| · ĐŽƐϕ

CŽŵŽ z = a+ bi͕ ƚĞŵŽƐ͗

z = a+ bi

= |z| · ĐŽƐϕ+ (|z| · ƐĞŶϕ) · i

= |z| · (ĐŽƐϕ+ iƐĞŶϕ).

EƐƐĂ Ġ Ă ĐŚĂŵĂĚĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ŽƵ ĨŽƌŵĂ ƉŽůĂƌ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘

z = |z| · (ĐŽƐϕ+ iƐĞŶϕ)

áůŐƵŵĂƐ ǀĞǌĞƐ ƉŽĚĞ ĂĐŽŶƚĞĐĞƌ ĚĞ Ă ƋƵĞƐƚĆŽ ĂďƌĞǀŝĂƌ Ž ƚĞƌŵŽ ĐŽƐϕ+ iƐĞŶϕ ƉĂƌĂ Ă ĨŽƌŵĂ ĐŝƐϕ͗

z = |z| · (ĐŽƐϕ+ iƐĞŶϕ)
︸ ︷︷ ︸

ĐŝƐϕ

z = |z| · ĐŝƐϕ

TƌĂƚĂͲƐĞ ĂƉĞŶĂƐ ĚĞ ƵŵĂ ĂďƌĞǀŝĂĕĆŽ͕ ƵŵĂ ĨŽƌŵĂ ŵĂŝƐ ĐŽŶƚƌĂĐƚĂ ĚĞ ĞƐĐƌĞǀĞƌ Ă ĨŽƌŵĂ ƉŽůĂƌ͘
PĂƌĂ ĐŽŶƐĞŐƵŝƌŵŽƐ͕ ĞŶƚĆŽ͕ ĂĐŚĂƌ Ă ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ďĂƐƚĂ ĐĂůĐƵůĂƌͲ

ŵŽƐ Ž ƐĞƵ ŵſĚƵůŽ Ğ Ž ƐĞƵ ĂƌŐƵŵĞŶƚŽ ƉĂƌĂ ƐƵďƐƟƚƵŝƌ ŶĞƐƐĂ ĞǆƉƌĞƐƐĆŽ͘ VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ͗

���;EEARͲϮϬϬϭͿ QUESTÃO ϭϰ

SĞũĂ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z =

∣

∣

∣

∣

∣

∣

∣

∣

1 i 0

−1 1 i

i3 1 −i

∣

∣

∣

∣

∣

∣

∣

∣

͘ á ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ĚĞ z Ġ͗

;ĂͿ
√
2

(

ĐŽƐ 7π
4

+ iƐĞŶ 7π
4

)

;ďͿ
√
2
(

ĐŽƐ π
4
+ iƐĞŶ π

4

)

;ĐͿ
√
2
(

ĐŽƐ π
3
+ iƐĞŶ π

3

)

;ĚͿ 2
(

ĐŽƐ 7π
4

+ iƐĞŶ 7π
4

)

Ϯϴ

Ismael de Paula dos Santos, Italo Marinho Sá Barreto

Aula 00

Matemática II p/ EFOMM 2019 (Escola de Formação de Oficiais da Marinha Mercante)  Com videoaulas

www.estrategiaconcursos.com.br



R͗ CĂůĐƵůĞŵŽƐ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ƵƐĂŶĚŽ Ă ƌĞŐƌĂ ĚĞ SĂƌƌƵƐ͗

1 i 0 1 i

−1 1 i −1 1

i3 1 −i i3 1

= −i+ i5 + 0− 0− i− i2

= −i+ i− i− (−1)

= −i− (−1)

= 1− i.

CĂůĐƵůĂŶĚŽ Ž ŵſĚƵůŽ͗

|z| =
√

12 + (−1)2

|z| =
√

1+ 1

|z| =
√
2.

áŐŽƌĂ͕ ĂĐŚĂŶĚŽ Ž ĂƌŐƵŵĞŶƚŽ͘ DĞƐĞŶŚĂŶĚŽ ĞƐƐĞ ĐŽŵƉůĞǆŽ ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͗
Im

Re

z

1

−1

90
◦90

◦

90
◦

45
◦

O ĂƌŐƵŵĞŶƚŽ ĚĞƐƐĞ ĐŽŵƉůĞǆŽ Ġ͕ ƉŽƌƚĂŶƚŽ͗

ϕ = 90◦ + 90◦ + 90◦ + 45◦

= 315◦.

PĂƐƐĂŶĚŽ ĞƐƐĞ ąŶŐƵůŽ ƉĂƌĂ ƐƵĂ ĨŽƌŵĂ Ğŵ ƌĂĚŝĂŶŽƐ͗

315◦ · π

180◦
=

315◦π

180◦

=
7π

4
.

EƐƐĞ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ŶĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ƐĞƌĄ͕ ĞŶƚĆŽ͗

Ϯϵ
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z =
√
2

(

ĐŽƐ 7π
4

+ iƐĞŶ 7π
4

)

.

GĂďĂƌŝƚŽ͗ A

BŽŵ͕ ĐŽƌƵũŝŶŚĂ͕ Ğŵ ƉƌŝŵĞŝƌŽ ůƵŐĂƌ ƉĂƌĂ ƌĞƐŽůͲ
ǀĞƌ ƋƵĞƐƚƁĞƐ ƋƵĞ ƉĞĕĂŵ ĚŝƌĞƚĂŵĞŶƚĞ ƉĂƌĂ ƋƵĞ
ǀŽĐġ ƉĂƐƐĞ ĐŽŵƉůĞǆŽƐ ƉĂƌĂ Ă ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠͲ
ƚƌŝĐĂ͘ MĂƐ ŶĂ ǀĞƌĚĂĚĞ͕ ǀĞƌĞŵŽƐ Ğŵ ƐĞŐƵŝĚĂ ƋƵĞ
Ă ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ Ġ ƷƟů ƉƌŝŶĐŝƉĂůŵĞŶƚĞ ƉĂƌĂ
ĞĨĞƚƵĂƌŵŽƐ ŽƉĞƌĂĕƁĞƐ ĞŶƚƌĞ ƌĂşǌĞƐ Ğ ƉŽƚġŶĐŝĂƐ
ĐŽŵ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͘ IƐƐŽ ĮĐĂƌĄ ŵĂŝƐ ĐůĂƌŽ
ƋƵĂŶĚŽ ǀŝĞƌŵŽƐ Ă ĚŝƐĐƵƟƌ ƐŽďƌĞ ĂƐ ůĞŝƐ ĚĞ DĞMŽŝͲ

ǀƌĞ͕ Ž ƋƵĞ ǀĂŝ ĂĐŽŶƚĞĐĞƌ ĂŐŽƌĂ ŵĞƐŵŽ͘

Ϯ͘Ϯ ϭǐ ½�® �� D� MÊ®6Ù�

RŽƚĂĕĆŽ

áƉƌĞŶĚĞƌĞŵŽƐ ĂŐŽƌĂ Ă ƌŽƚĂĐŝŽŶĂƌ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͘ FƵŶĐŝŽŶĂ ĚĂ ƐĞͲ
ŐƵŝŶƚĞ ĨŽƌŵĂ͘ SĞũĂ z Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ƋƵĂůƋƵĞƌ͘ SĞŵƉƌĞ ƋƵĞ ŵƵůƟƉůŝĐĂŵŽƐ ĞƐƐĞ ĐŽŵƉůĞǆŽ ƉĞůŽ
ƚĞƌŵŽ ĐŽƐθ+ iƐĞŶθ͗

O ĐŽŵƉůĞǆŽ z ƐŽĨƌĞƌĄ ƵŵĂ ƌŽƚĂĕĆŽ ĂŶƟͲŚŽƌĄƌŝĂ ĚĞ ąŶŐƵůŽ θ.

VĂŵŽƐ ƚĞŶƚĂƌ ĞŶƚĞŶĚĞƌ ŵĞůŚŽƌ͍ EŶƚĆŽ ǀĂŵŽƐ ƉĞŶƐĂƌ Ğŵ ƚĞƌŵŽƐ ĚĞ ĞǆĞŵƉůŽ͘ CƌŝĂƌĞŝ͕ Ğŵ ƐĞŐƵŝĚĂ͕
Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ƋƵĂůƋƵĞƌ͘ DĂş͕ ĞĨĞƚƵĂƌĞŝ ƵŵĂ ƌŽƚĂĕĆŽ ƋƵĂůƋƵĞƌ ĐŽŵ ĞůĞ Ğ ƉŽĚĞƌĞŵŽƐ ǀĞƌŝĮĐĂƌ
ƋƵĞ ĚĞ ĨĂƚŽ ŽĐŽƌƌĞƵ ƵŵĂ ƌŽƚĂĕĆŽ ĚĂƋƵĞůĞ ĚĞƚĞƌŵŝŶĂĚŽ ąŶŐƵůŽ͘ BŽŵ͕ ƐĞŵ ŵĂŝƐ ĚĞůŽŶŐĂƐ͕ ǀĂŵŽƐ ĂŽ
ĞǆĞŵƉůŽ͘

CŽŶƐŝĚĞƌĞ Ž ĐŽŵƉůĞǆŽ z = 4+ 5i͕ ƌĞƉƌĞƐĞŶƚĂĚŽ ĂďĂŝǆŽ͗

ϯϬ
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Im

Re
4

5
A

SƵƉŽŶŚĂ ƋƵĞ ƋƵĞŝƌĂŵŽƐ ƌŽƚĂĐŝŽŶĂƌ ĞƐƐĞ ĐŽŵƉůĞǆŽ ŶƵŵ ąŶŐƵůŽ ĚĞ 90◦͘ EŶƚĆŽ͕ ďĂƐƚĂ ŵƵůƟƉůŝĐĂƌ
ĞƐƐĞ ĐŽŵƉůĞǆŽ z = 4+ 5i ƉŽƌ ĐŽƐ 90◦︸ ︷︷ ︸

0

+ iƐĞŶ90◦︸ ︷︷ ︸
1

= i͘ IƐƐŽ ƐŝŐŶŝĮĐĂ ƋƵĞ ŵƵůƟƉůŝĐĂƌ ƉŽƌ i Ġ Ž ŵĞƐŵŽ

ƋƵĞ ƌŽƚĂĐŝŽŶĂƌ Ƶŵ ĐŽŵƉůĞǆŽ Ğŵ 90◦͊ FĂǌĞŶĚŽ ĂƐ ĐŽŶƚĂƐ͗

(4+ 5i) · i = 4i+ 5i2

= 4i− 5

= −5+ 4i.

áŐŽƌĂ ǀĞũĂ ĞƐƐĞ ĐŽŵƉůĞǆŽ ƌĞƉƌĞƐĞŶƚĂĚŽ ŶŽ ƉůĂŶŽ͗
Im

Re
4

5
A

4

−5

90
◦

Vġ ƋƵĞ͕ ĚĞ ĨĂƚŽ͕ Ž ĐŽŵƉůĞǆŽ z = 4+ 5i ƐŽĨƌĞƵ ƵŵĂ ƌŽƚĂĕĆŽ ĚĞ 90◦͍
EŶƚĆŽ͕ ƐĞŵƉƌĞ ƋƵĞ ƋƵŝƐĞƌŵŽƐ ƌŽƚĂĐŝŽŶĂƌ Ƶŵ ĐŽŵƉůĞǆŽ z = a+ bi ŶƵŵ ąŶŐƵůŽ θ͕ ďĂƐƚĂƌĄ ƐĞŵƉƌĞ

ŵƵůƟƉůŝĐĂƌ ƚĂů ĐŽŵƉůĞǆŽ ƉŽƌ ĐŽƐθ+ iƐĞŶθ͘ VĞũĂŵŽƐ ƵŵĂ ƋƵĞƐƚĆŽ ƐŽďƌĞ ŝƐƐŽ͘

���;EEARͲϮϬϬϮͿ QUESTÃO ϭϱ

ϯϭ
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Uŵ ƋƵĂĚƌĂĚŽABCD ĞƐƚĄ ŝŶƐĐƌŝƚŽ ŶƵŵ ĐşƌĐƵůŽ ĐŽŵ ĐĞŶƚƌŽ ŶĂ ŽƌŝŐĞŵ ĚŽ ƉůĂŶŽ ĚĞ GĂƵƐƐ͘ O ǀĠƌƟĐĞ
A Ġ ŝŵĂŐĞŵ ĚŽ ĐŽŵƉůĞǆŽ 3+ 4i͘ OƐ ĂĮǆŽƐ ĚŽƐ ŽƵƚƌŽƐ ƚƌġƐ ǀĠƌƟĐĞƐ ƐĆŽ ŽƐ ĐŽŵƉůĞǆŽƐ͗

;ĂͿ −3+ 4i͖−3− 4i͖ 3− 4i͘
;ďͿ −4+ 3i͖−3− 4i͖ 4− 3i͘
;ĐͿ −4+ 3i͖−3− 4i͖ 3− 4i͘
;ĚͿ −3+ 4i͖−3− 4i͖ 4− 3i͘

R͗ OďƐĞƌǀĞ Ă ĮŐƵƌĂ ƉƌŽƉŽƐƚĂ͗
Im

Re

A

B

C

D

3

4

90
◦

90
◦

90
◦

90
◦

CŽŵŽ ũĄ ĚŝƚŽ͕ ƋƵĂŶĚŽ ŵƵůƟƉůŝĐĂŵŽƐ Ƶŵ ĐŽŵƉůĞǆŽ ƋƵĂůƋƵĞƌ ƉĞůŽ ĨĂƚŽƌ ĐŽƐα+ iƐĞŶα͕ ŶſƐ
ƌŽƚĂĐŝŽŶĂŵŽƐ ĞƐƐĞ ĐŽŵƉůĞǆŽ ŶŽ ƉůĂŶŽ ŶƵŵ ąŶŐƵůŽ ĂŶƟͲŚŽƌĄƌŝŽ α͘ VĞũĂ ƋƵĞ ĐĂĚĂ ǀĠƌƟĐĞ ĚŝƐƚĂ ĚŽ
ĂŶƚĞƌŝŽƌ ŶƵŵ ąŶŐƵůŽ ĚĞ 90◦͕ ĞŶƚĆŽ͕ ĐĂĚĂ ǀĠƌƟĐĞ ƉŽĚĞ ƐĞƌ ĐĂůĐĂŶĕĂĚŽ ŵƵůƟƉůŝĐĂŶĚŽ ƐĞƵ ǀĠƌƟĐĞ
ĂŶƚĞƌŝŽƌ ƉŽƌ͗

ĐŽƐ 90◦ + i · ƐĞŶ90◦ = 0+ i · 1

= i.

IƐƐŽ ƐŝŐŶŝĮĐĂ ƋƵĞ͕ ƌŽƚĂĐŝŽŶĂƌ Ƶŵ ĐŽŵƉůĞǆŽ Ğŵ 90◦ ĂŶƟͲŚŽƌĄƌŝŽƐ ŶŽ ƉůĂŶŽ Ġ Ž ŵĞƐŵŽ ƋƵĞ ŵƵůƟƉůŝĐĂƌ
ƉŽƌ i͘
EŶƚĆŽ͕ ƉĂƌĂ ĂůĐĂŶĕĂƌŵŽƐ Ž ǀĠƌƟĐĞ B͕ ďĂƐƚĂ ŵƵůƟƉůŝĐĂƌŵŽƐ Ž ĐŽŵƉůĞǆŽ ĚŽ ǀĠƌƟĐĞ A ĚĂ ƐĞŐƵŝŶƚĞ
ĨŽƌŵĂ͗

ϯϮ
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B = A · i

= (3+ 4i) · i

= 3i+ 4i2

= 3i− 4

= −4+ 3i.

CŚĞŐĂŶĚŽ ĂŽ ǀĠƌƟĐĞ C͗

C = B · i

= (−4+ 3i) · i

= −4i+ 3i2

= −4i− 3

= −3− 4i.

E ĮŶĂůŵĞŶƚĞ͕ ƉĂƌĂ ĐŚĞŐĂƌŵŽƐ ĂŽ ǀĠƌƟĐĞD͗

D = C · i

= (−3− 4i) · i

= −3i− 4i2

= −3i+ 4

= 4− 3i.

GĂďĂƌŝƚŽ͗ B

ϯϯ

Ismael de Paula dos Santos, Italo Marinho Sá Barreto

Aula 00

Matemática II p/ EFOMM 2019 (Escola de Formação de Oficiais da Marinha Mercante)  Com videoaulas

www.estrategiaconcursos.com.br



ϭǐ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ

á ƉƌŝŵĞŝƌĂ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ Ġ ƐƵƉĞƌ ƐŝŵƉůĞƐ ĚĞ ƐĞ ƵƟůŝǌĂƌ͘ EůĂ Ěŝǌ Ž ƐĞŐƵŝŶƚĞ͘ CŽŶƐŝĚĞƌĞ Ƶŵ ŶƷŵĞƌŽ
ĐŽŵƉůĞǆŽ ĞƐĐƌŝƚŽ Ğŵ ƐƵĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ͕ z = |z| · (ĐŽƐθ+ iƐĞŶθ))͘ EŶƚĆŽ͗

zn = |z|n · [ĐŽƐ(nθ) + iƐĞŶ(nθ)]

EůĂ ƉŽĚĞ ĂƚĠ ƉĂƌĞĐĞƌ ŵĞŝŽ ĐŽŵƉůŝĐĂĚĂ͕ ŵĂƐ ŶĆŽ Ġ͘ VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ͘

���;ESSAͲϮϬϭϴͿ QUESTÃO ϭϲ

CŽŶƐŝĚĞƌĞ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = 2+ 2i͘ DĞƐƐĂ ĨŽƌŵĂ͕ z100͗

;ĂͿ Ġ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů ŶĞŐĂƟǀŽ͘
;ďͿ ƚĞŵ ĂƌŐƵŵĞŶƚŽ π

4
͘

;ĐͿ Ġ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů ƉŽƐŝƟǀŽ͘
;ĚͿ ƚĞŵ ŵſĚƵůŽ ŝŐƵĂů Ă 1͘
;ĞͿ Ġ Ƶŵ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͘

R͗ HĄ ĚƵĂƐ ĨŽƌŵĂƐ ĚĞ ƌĞƐŽůǀĞƌŵŽƐ ĞƐƐĞ ĞǆĞƌĐşĐŝŽ͘ FĂĕĂŵŽƐ ĚĂƐ ĚƵĂƐ ĨŽƌŵĂƐ͘ á ƉƌŝŵĞŝƌĂ Ġ
ƉĂƐƐĂƌŵŽƐ z ƉĂƌĂ Ă ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ Ğ ƵƟůŝǌĂƌŵŽƐ Ă ƉƌŝŵĞŝƌĂ LĞŝ ĚĞ DĞ MŽŝǀƌĞ͘ CŽŵŽ
ĂĐĂďĂŵŽƐ ĚĞ ǀġͲůĂ͕ ĐŽŵĞĐĞŵŽƐ ĨĂǌĞŶĚŽ ƉŽƌ ĞůĂ͘ VĞũĂŵŽƐ͗

Im

Re

z

2

2

45◦

O ŵſĚƵůŽ ĚĞƐƐĞ ĐŽŵƉůĞǆŽ Ġ͗ |z| =
√

22 + 22 = 2
√
2͘ O ĂƌŐƵŵĞŶƚŽ ĚĞƐƐĞ ĐŽŵƉůĞǆŽ Ġ ϕ = 45◦͘

LŽŐŽ͕ ŶĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ͕ ĞƐƐĞ ĐŽŵƉůĞǆŽ ƐĞ ƚŽƌŶĂ͗

z = 2
√
2 · (ĐŽƐ 45◦ + i · ƐĞŶ45◦).

ϯϰ
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DĂş͕ ƉĞůĂ ƉƌŝŵĞŝƌĂ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ͗

z = 2
√
2 · (ĐŽƐ 45◦ + i · ƐĞŶ45◦)

z100 = (2
√
2)100 · (ĐŽƐ 4500◦ + i · ƐĞŶ4500◦).

PĂƌĂ ĐĂůĐƵůĂƌŵŽƐ ƐĞŶŽ Ğ ĐŽƐƐĞŶŽ ĚĞ ąŶŐƵůŽƐ ŵĂŝŽƌĞƐ ƋƵĞ 360◦͕ ďĂƐƚĂ ĚŝǀŝĚŝŵŽͲůŽƐ ƉŽƌ 360◦ Ğ
ĐŽŶƐŝĚĞƌĂƌŵŽƐ ĂƉĞŶĂƐ Ž ƌĞƐƚŽ͗

ϰ ϱ Ϭ Ϭ
ϵ Ϭ Ϭ
ϭ ϴ Ϭ

ϯ ϲ Ϭ
ϭ Ϯ

DĂş ĞŶƚĆŽ͗

z100 = (2
√
2)100 · (ĐŽƐ 4500◦ + i · ƐĞŶ4500◦)

= (2
√
2)100 · (ĐŽƐ 180◦ + i · ƐĞŶ180◦)

= (2
√
2)100 · (−1+ i · 0)

= (2
√
2)100 · (−1).

NĆŽ ƉƌĞĐŝƐĂŵŽƐ ŶĞŵ ĐŽŶƟŶƵĂƌ Ă ĐŽŶƚĂ͕ ƉŽƌƋƵĞ Ă ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ i ƐƵŵŝƵ͕ Ž ƋƵĞ ĨĂǌ ĚĞƐƐĞ ŶƷŵĞƌŽ
Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͘ O −1 ƋƵĞ ŵƵůƟƉůŝĐĂ Ă ĞǆƉƌĞƐƐĆŽ ĨĂǌ ĚĞƐƐĞ ŶƷŵĞƌŽ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů ŶĞŐĂƟǀŽ͕ ƋƵĞ
ĐĂƌĂĐƚĞƌŝǌĂ Ž ĚŝƚŽ ŶĂ ĂůƚĞƌŶĂƟǀĂ á͘
Uŵ ŽƵƚƌŽ ŵŽĚŽ ĚĞ ĨĂǌĞƌŵŽƐ ĞƐƐĞ ĞǆĞƌĐşĐŝŽ Ġ ƵƟůŝǌĂƌŵŽƐ Ž ƐĞŐƵŝŶƚĞ ƚƌƵƋƵĞ ĂůŐĠďƌŝĐŽ ;ƋƵĞ Ɛſ
ĨƵŶĐŝŽŶĂ ƉĂƌĂ ƉŽƚġŶĐŝĂƐ ƉĂƌĞƐ ĚĞ 1+ iͿ͗

z = 2+ 2i

z = 2(1+ i)

z100 = [2(1+ i)]100

= 2100 · (1+ i)100

= 2100 · (1+ i)2·50

= 2100 · [(1+ i)2]50

= 2100 · (1+ 2i+ i2)50

= 2100 · (1+ 2i− 1)50

= 2100 · (2i)50

ϯϱ
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= 2100 · 250 · i50.

VĞũĂ ƋƵĞ͗

ϱ Ϭ
ϭ Ϭ
Ϯ

ϰ
ϭ Ϯ

LŽŐŽ͗

z100 = 2100 · 250 · i2

= 2100 · 250 · (−1).

TƌĂƚĂͲƐĞ ĚĞ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů ŶĞŐĂƟǀŽ͕ ĐŽŵŽ ĞŶĐŽŶƚƌĂĚŽ ĂŶƚĞƐ͘

GĂďĂƌŝƚŽ͗ A

Ϯ͘ϯ Ϯǐ ½�® �� D� MÊ®6Ù�

VĂŵŽƐ ĚŝƌĞƚŽ ă ůĞŝ͘
SƵƉŽŶŚĂ ƋƵĞ ƋƵĞŝƌĂŵŽƐ ƌĞƐŽůǀĞƌ Ă ĞƋƵĂĕĆŽ wn = z͕ ƉĂƌĂ w͘ EƐƐĂ ĞƋƵĂĕĆŽ ƚĞƌĄ ĞǆĂƚĂŵĞŶƚĞ n

ƌĂşǌĞƐ͕ ĐĂĚĂ ƵŵĂ ƉŽĚĞŶĚŽ ƐĞƌ ĐĂůĐƵůĂĚĂ ĚĂ ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

wk =
n

√

|z| ·
[

ĐŽƐ
(

θ+ 2kπ

n

)

+ iƐĞŶ
(

θ+ 2kπ

n

)]

, k = 0, 1, 2, . . . , k− 1

HĂŚĂŚĂŚĂ͕ ĂƐƐƵƐƚŽƵ ĨŽŝ͕ ĐŽƌƵũĂ͍ ĞƐƐĂ ĨſƌŵƵůĂ
ĂƐƐƵƐƚĂ ŵĞƐŵŽ͕ Ġ ĐŽŶƐŝĚĞƌĂĚĂ ƵŵĂ ĚĂƐ ŵĂŝŽƌĞƐ
ĨſƌŵƵůĂƐ ĚŽƐ ĐŽŶƚĞƷĚŽƐ ĚĞ ŵĂƚĞŵĄƟĐĂ ĚĞ ĞŶƐŝŶŽ
ŵĠĚŝŽ͘ MĂƐ Ğ ƐĞ ĞƵ ƚĞ ĨĂůĂƌ ƋƵĞ Ă ĚŝĮĐƵůĚĂĚĞ ĚĞƐƐĂ
ĨſƌŵƵůĂ ĞƐƚĄ Ğŵ ƚƌŝŐŽŶŽŵĞƚƌŝĂ͕ Ğ ŶĆŽ Ğŵ ŶƷŵĞͲ
ƌŽƐ ĐŽŵƉůĞǆŽƐ͍ VŽƵ ƚĞ ŵŽƐƚƌĂƌ ŝƐƐŽ ĂĐŽŶƚĞĐĞŶĚŽ͘
VĂŵŽƐ ůĄ͍ EŶƚĆŽ ĨĂĕĂŵŽƐ ĂŐŽƌĂ Ƶŵ ĞǆĞŵƉůŽ ĚĞ
ĂƉůŝĐĂĕĆŽ ĚŝƌĞƚĂ ĚĂ Ϯǐ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ͘ SŝŐĂŵŽƐ͊

VĂŵŽƐ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ ƚĞŶƚĂƌ ƌĞƐŽůǀĞƌ Ă ƐĞŐƵŝŶƚĞ ĞƋƵĂĕĆŽ͗
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z6 = 1.

IŶŝĐŝĂůŵĞŶƚĞ͕ ĂŽ ĞƐƚƵĚĂŶƚĞ ƋƵĞ ũĄ ĞƐƚĞũĂ ĞƐƚƵĚĂŶĚŽ ŚĄ ĂůŐƵŵ ƚĞŵƉŽ͕ ĚĞǀĞ ƉĂƌĞĐĞƌ ĨĄĐŝů ĚŝǌĞƌ ƋƵĞ
ĂŽ ŵĞŶŽƐ ĚƵĂƐ ƐŽůƵĕƁĞƐ ƐĆŽ ƚƌŝǀŝĂŝƐ͗ z = 1 Ğ z = −1͘ MĂƐ ŚĄ ŵĂŝƐ 4 ƐŽůƵĕƁĞƐ ĐŽŵƉůĞǆĂƐ͕ ƋƵĞ ƉŽĚĞŵ
ƐĞƌ ŽďƟĚĂƐ Ă ƉĂƌƟƌ ĚĂ Ϯǐ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ͘

á ƉƌŝŵĞŝƌĂ ĐŽŝƐĂ ƋƵĞ ƉƌĞĐŝƐĂŵŽƐ ĨĂǌĞƌ Ġ ƉĂƐƐĂƌ Ž ĐŽŵƉůĞǆŽ 1 ƉĂƌĂ Ă ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ͘ DĞŵŽƐ
ƵŵĂ ŽůŚĂĚĂ ŶŽ ĐŽŵƉůĞǆŽ 1 ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͗

Im

Re
1

VĞŵŽƐ ĞŶƚĆŽ ƋƵĞ Ž ĂƌŐƵŵĞŶƚŽ ĚĞƐƐĞ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ Ġ ϕ = 0͘ O ŵſĚƵůŽ ĚĞƐƐĞ ĐŽŵƉůĞǆŽ Ġ
|z| =

√

12 + 02 = 1͘
áŐŽƌĂ͕ ƐƵďƐƟƚƵĂ ƚƵĚŽ ŶĂ Ϯǐ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ͕ŵĂŶƚĞŶĚŽ Ž k ƐĞŵ ƐƵďƐƟƚƵŝƌ͗

wk =
n

√

|z| ·
[

ĐŽƐ
(

θ+ 2kπ

n

)

+ iƐĞŶ
(

θ+ 2kπ

n

)]

=
6
√
1 ·

[

ĐŽƐ
(

0◦ + 2k · 180◦
6

)

+ iƐĞŶ
(

0◦ + 2k · 180◦
6

)]

= 1 ·
[

ĐŽƐ
(

k · 360◦
6

)

+ iƐĞŶ
(

k · 360◦
6

)]

= ĐŽƐ (k · 60◦) + iƐĞŶ (k · 60◦)

áŐŽƌĂ͕ ďĂƐƚĂ ƐƵďƐƟƚƵŝƌ k ƉŽƌ 0, 1, 2, 3, 4 Ğ 5͗

w0 = ĐŽƐ (0 · 60◦) + iƐĞŶ (0 · 60◦) = ĐŽƐ 0◦ + iƐĞŶ0◦ = 1

w1 = ĐŽƐ (1 · 60◦) + iƐĞŶ (1 · 60◦) = ĐŽƐ 60◦ + iƐĞŶ60◦ = 1

2
+

√
3

2
i

ϯϳ
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w2 = ĐŽƐ (2 · 60◦) + iƐĞŶ (2 · 60◦) = ĐŽƐ 120◦ + iƐĞŶ120◦ = −
1

2
+

√
3

2
i

w3 = ĐŽƐ (3 · 60◦) + iƐĞŶ (3 · 60◦) = ĐŽƐ 180◦ + iƐĞŶ180◦ = −1

w4 = ĐŽƐ (4 · 60◦) + iƐĞŶ (4 · 60◦) = ĐŽƐ 240◦ + iƐĞŶ240◦ = −
1

2
−

√
3

2
i

w5 = ĐŽƐ (5 · 60◦) + iƐĞŶ (5 · 60◦) = ĐŽƐ 300◦ + iƐĞŶ300◦ = 1

2
−

√
3

2
i.

EǆŝƐƚĞŵ͕ ƉŽƌƚĂŶƚŽ͕ ƐĞŝƐ ƐŽůƵĕƁĞƐ͗ S =

{

1,
1

2
+

√
3

2
i,−

1

2
+

√
3

2
i,−1,−

1

2
−

√
3

2
i,
1

2
−

√
3

2
i

}

͘

Uŵ ĚĞƚĂůŚĞ ŝŵƉŽƌƚĂŶƚĞ ĂĐŽŶƚĞĐĞ ƋƵĂŶĚŽ ĚŝƐƚƌŝďƵşŵŽƐ ĞƐƐĂƐ ƐŽůƵĕƁĞƐ ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͗
Im

Re

w0 = 1

w1 =
1

2
+

√

3

2
iw2 = −

1

2
+

√

3

2
i

w3 = −1

w4 = −
1

2
−

√

3

2
i w5 =

1

2
−

√

3

2
i

OƐ ĂĮǆŽƐ ĚĞ ĐĂĚĂ ĐŽŵƉůĞǆŽ ƚŽƌŶĂŵͲƐĞ ǀĠƌƟĐĞƐ ĚĞ ƵŵŚĞǆĄŐŽŶŽ ƌĞŐƵůĂƌ͊͊ E ǀĞũĂ ƋƵĞ ĞƐƐĞ ŚĞǆĄŐŽŶŽ
ĞƐƚĄ ŝŶƐĐƌŝƚŽ ŶƵŵ ĐşƌĐƵůŽ ĐƵũŽ ƌĂŝŽ Ġ ĞǆĂƚĂŵĞŶƚĞ Ž ŵſĚƵůŽ ĚĞ z = 1͘

Eŵ ŐĞƌĂů͕ ƉŽĚĞŵŽƐ ƐĞŵƉƌĞ ĂĮƌŵĂƌ Ž ƐĞŐƵŝŶƚĞ͗

á ĞƋƵĂĕĆŽwn = z ƉŽƐƐƵŝ n ƐŽůƵĕƁĞƐ ĐŽŵƉůĞǆĂƐ ĐƵũŽƐ ĂĮǆŽƐ ƐĆŽ ǀĠƌƟĐĞƐ ĚĞ Ƶŵ

ƉŽůşŐŽŶŽ ƌĞŐƵůĂƌ ĚĞ ŐġŶĞƌŽ n Ğ ĐƵũŽ ĐşƌĐƵůŽ ĐŝƌĐƵŶƐĐƌŝƚŽ ƚĞŵ ƌĂŝŽ n

√

|z|

ϯϴ
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���;ESSAͲϮϬϬϵͿ QUESTÃO ϭϳ

O ǀĂůŽƌ ĚĂ ĞǆƉƌĞƐƐĆŽ x2 − 1

x3 − 1
ƋƵĂŶĚŽ x = i Ġ͗

;ĂͿ i+ 1

2
;ďͿ 1− i

;ĐͿ −(1− i)

;ĚͿ −(1− i)

2

;ĞͿ 1− i

2

R͗ BĂƐƚĂ ĨĂǌĞƌŵŽƐ ĂƐ ĐŽŶƚĂƐ͕ ũŽǀĞŵ͗

x2 − 1

x3 − 1
=

i2 − 1

i3 − 1

CŽŵŽ i2 = −1 Ğ i3 = −i͕ ƚĞŵŽƐ͗

=
−1− 1

−i− 1

=
−2

−i− 1

=
2

1+ i

MƵůƟƉůŝĐĂŶĚŽ Ă ĞǆƉƌĞƐƐĆŽ Ğŵ ĐŝŵĂ Ğ ĞŵďĂŝǆŽ ƉŽƌ 1− i ĐŽŶƐĞŐƵŝŵŽƐ ƌĂĐŝŽŶĂůŝǌĂƌ Ă ĞǆƉƌĞƐƐĆŽ͗

=
2 · (1− i)

(1+ i) · (1− i)

=
2 · (1− i)

12 − i2

=
2 · (1− i)

1− (−1)

ϯϵ
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=
2 · (1− i)

1+ 1

=
2 · (1− i)

2

= 1− i.

GĂďĂƌŝƚŽ͗ B

���;ADAPTADA ESSAͲϮϬϭϭͿ QUESTÃO ϭϴ

SĞũĂ ƵŵĂ ĨƵŶĕĆŽ f : R → C ĚĞĮŶŝĚĂ ƉŽƌ f(x) = 2 (ĐŽƐ 2x+ i · ƐĞŶ2x)͘ CĂůĐƵůĞ Ž ǀĂůŽƌ ĚĞ f
(π

6

)

͘

;ĂͿ
√
3+ i

;ďͿ 1+ i
√
3

;ĐͿ
√
3− i

;ĚͿ
√
3

2
+

i

2

;ĞͿ
√
3

2
−

i

2

R͗ SƵďƐƟƚƵĂ Ž ǀĂůŽƌ ĚĞ x ƉĞůŽ ƋƵĞ Ă ƋƵĞƐƚĆŽ ƉĞĚĞ Ğ ĨĂĕĂ ĂƐ ĐŽŶƚĂƐ͗

f(x) = 2 (ĐŽƐ 2x+ i · ƐĞŶ2x)

f
(π

6

)

= 2
[

ĐŽƐ
(

2 · π
6

)

+ i · ƐĞŶ
(

2 · π
6

)]

= 2
[

ĐŽƐ
(π

3

)

+ i · ƐĞŶ
(π

3

)]

.

áƋƵŝ ĚĞǀĞŵŽƐ ŶŽƐ ůĞŵďƌĂƌ ĚĞ ƋƵĞ π ƌĂĚŝĂŶŽƐ ĞƋƵŝǀĂůĞ Ă Ƶŵ ĂƌĐŽ ĚĞ 180◦͕ ƉŽƌƚĂŶƚŽ π

3
ĞƋƵŝǀĂůĞ Ă Ƶŵ

ĂƌĐŽ ĚĞ 180◦

3
= 60◦͖ ĚĂş͗

f
(π

6

)

= 2 (ĐŽƐ 60◦ + i · ƐĞŶ60◦)

= 2

(

1

2
+ i ·

√
3

2

)

= 2 · 1
2
+ 2 · i ·

√
3

2

= 1+ i ·
√
3.

ϰϬ
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GĂďĂƌŝƚŽ͗ B

���;ESSAͲϮϬϭϱͿ QUESTÃO ϭϵ

á ƉĂƌƚĞ ƌĞĂů ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ 1

(2i)2
Ġ

;ĂͿ −1

4
;ďͿ −2

;ĐͿ 0
;ĚͿ 1

4
;ĞͿ 2

R͗ FĂǌĞŶĚŽ ĂƐ ĐŽŶƚĂƐ͗

1

(2i)2
=

1

4 · i2

=
1

4 · (−1)

= −
1

4
.

DĂş͕ Ă ƉĂƌƚĞ ƌĞĂů ĚĞ−1

4
Ġ Ž ƉƌſƉƌŝŽ −

1

4
͘

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϬͿ QUESTÃO ϮϬ

SĞũĂŵA͕Z1 ĞZ2 ĂƐ ƌĞƉƌĞƐĞŶƚĂĕƁĞƐ ŐƌĄĮĐĂƐ ĚŽƐ ĐŽŵƉůĞǆŽƐ 0+0i͕ 2+3i Ğ−5−i͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͘
á ŵĞŶŽƌ ĚĞƚĞƌŵŝŶĂĕĆŽ ƉŽƐŝƟǀĂ ĚŽ ąŶŐƵůŽ Z1ÂZ2 Ġ

;ĂͿ 135◦

;ďͿ 150◦

;ĐͿ 210◦

ϰϭ
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;ĚͿ 225◦

R͗ HĄ ĚƵĂƐ ĨŽƌŵĂƐ ĚĞ ĨĂǌĞƌŵŽƐ ĞƐƐĞ ĞǆĞƌĐşĐŝŽ͕ Ğ ĂŵďĂƐ ƵƟůŝǌĂŵ ĐŽŶƚĞƷĚŽƐ ĚĞ ŐĞŽŵĞƚƌŝĂ ĂŶĂůşƟĐĂ͘
PĂƌĂ ŶĆŽ ŚĂǀĞƌ ĚĞƐĞƐƉĞƌŽ ƉĞůĂ ĨĂůƚĂ ĚĞ ĞŶƚĞŶĚŝŵĞŶƚŽ͕ ĂĐŽŶƐĞůŚĂŵŽƐ Ž ĞƐƚƵĚĂŶƚĞ Ă ƉƵůĂƌ ĞƐƐĞ
ĞƐƉĞĐşĮĐŽ ĞǆĞƌĐşĐŝŽ ĐĂƐŽ ĂŝŶĚĂ ŶĆŽ ƚĞŶŚĂ ĞƐƚƵĚĂĚŽ ƚĂů ĐŽŶƚĞƷĚŽ͘
FĂĕĂŵŽƐ ƉƌŝŵĞŝƌŽ ƵƟůŝǌĂŶĚŽ Ă ůĞŝ ĚŽƐ ĐŽƐƐĞŶŽƐ͘ DĞƉŽŝƐ ƵƟůŝǌĂƌĞŵŽƐ Ă ƚĞŽƌŝĂ ĚĞ ǀĞƚŽƌĞƐ͕ ĂŵďŽƐ
ĂƐƐƵŶƚŽƐ ĚĞ ŐĞŽŵĞƚƌŝĂ ĂŶĂůşƟĐĂ͘ MĂƌƋƵĞŵŽƐ ŽƐ ƚƌġƐ ĐŽŵƉůĞǆŽƐ ŶŽƐ ƉůĂŶŽƐ Ğ ĞǀŝĚĞŶĐŝĞŵŽƐ ŽƐ ƐĞƵƐ
ĂĮǆŽƐ͗

Im

Re
A = 0+ 0i

Z1 = 2+ 3i

Z2 = −5− i

α

VĞũĂ ƋƵĞ ĨŽƌŵĂŵŽƐ Ƶŵ ƚƌŝąŶŐƵůŽ͘ Uŵ ĚĞ ƐĞƵƐ ůĂĚŽƐ ŵĞĚĞ ĞǆĂƚĂŵĞŶƚĞ Ž ŵſĚƵůŽ ĚĞ Z1͕ ƋƵĞ Ġ͗

|Z1| =
√

22 + 32

=
√

4+ 9

=
√
13.

OƵƚƌŽ ůĂĚŽ ĚĞƐƐĞ ƚƌŝąŶŐƵůŽ ŵĞĚĞ |Z2|͗

|Z2| =
√

(−5)2 + (−1)2

=
√

25+ 1

=
√
26.

O ƚĞƌĐĞŝƌŽ Ğ ƷůƟŵŽ ůĂĚŽ ŵĞĚŝƌĄ Ă ĚŝƐƚąŶĐŝĂ ĞŶƚƌĞ ŽƐ ƉŽŶƚŽƐ (2, 3) Ğ (−5,−1)͕ ƋƵĞ ƉŽĚĞ ƐĞƌ
ĐĂůĐƵůĂĚĂ ƉĞůĂ ƐĞŐƵŝŶƚĞ ĨſƌŵƵůĂ ;ĚĂ ŵĂƚĠƌŝĂ ĚĞ ŐĞŽŵĞƚƌŝĂ ĂŶĂůşƟĐĂͿ͗

d =
√

(−5− 2)2 + (−1− 3)2

ϰϮ
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=
√

(−7)2 + (−4)2

=
√

49+ 16

=
√
65.

NŽƐƐŽ ƚƌŝąŶŐƵůŽ ĮĐĂ ĂƐƐŝŵ͗

α

√

26

√

13

√

65

áƉůŝĐĂŶĚŽ Ă ůĞŝ ĚŽƐ ĐŽƐƐĞŶŽƐ͗

(
√
65)2 = (

√
26)2 + (

√
13)2 − 2 ·

√
13 ·

√
26 · ĐŽƐα

65 = 26+ 13− 2 ·
√
13 · 26 · ĐŽƐα

65 = 39− 2 ·
√
13 · 13 · 2 · ĐŽƐα

65− 39 = −2 · 13
√
2 · ĐŽƐα

26 = −26
√
2 · ĐŽƐα

1 = −
√
2 · ĐŽƐα

ĐŽƐα = −
1√
2

ĐŽƐα = −

√
2

2

α = 135◦.

UŵĂ ŽƵƚƌĂ ĨŽƌŵĂ ĚĞ ĨĂǌĞƌŵŽƐ Ġ ƵƟůŝǌĂƌŵŽƐ Ă ƚĞŽƌŝĂ ĚĞ ǀĞƚŽƌĞƐ͘ O ąŶŐƵůŽ α ĨŽƌŵĂĚŽ ĞŶƚƌĞ ĚŽŝƐ
ǀĞƚŽƌĞƐ #”u Ğ #”v ƉŽĚĞ ƐĞƌ ĐĂůĐƵůĂĚŽ ƉŽƌ͗

ĐŽƐα =
#”u · #”v

u · v
OƐ ǀĞƚŽƌĞƐ ƐĆŽ #”u = (2, 3) Ğ #”v = (−5,−1)͕ ůŽŐŽ͗

ĐŽƐα =
(2, 3) · (−5,−1)

|(2, 3)| · |(−5,−1)|

=
2 · (−5) + 3 · (−1)√

13 ·
√
26

ϰϯ
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=
−10− 3√
13 · 26

=
−13√

13 · 13 · 2

=
−13

13
√
2

= −
1√
2

= −

√
2

2

E ĚĂş α = 135◦͕ ĐŽŵŽ ĐŽŶĐůƵşĚŽ ĂŶƚĞƐ͘

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϮͿ QUESTÃO Ϯϭ

SĞũĂ z Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ĐƵũŽ ŵſĚƵůŽ Ġ 2 Ğ ĐƵũŽ ĂƌŐƵŵĞŶƚŽ Ġ π

3
͘ á ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ ĚŽ ĐŽŶũƵͲ

ŐĂĚŽ ĚĞ z Ġ

;ĂͿ 1−
√
3i

;ďͿ
√
3− i

;ĐͿ
√
3+ i

;ĚͿ 1+
√
3i

R͗ É Ɛſ ŵŽŶƚĂƌŵŽƐ Ğ ĞĨĞƚƵĂƌŵŽƐ Ă ĐŽŶƚĂ͗

z = 2 ·
(

ĐŽƐ π
3
+ iƐĞŶ π

3

)

= 2 · (ĐŽƐ 60◦ + iƐĞŶ60◦)

= 2 ·
(

1

2
+ i

√
3

2

)

= 2 · 1
2
+ 2 · i

√
3

2

= 1+
√
3i.

ϰϰ
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GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϮͿ QUESTÃO ϮϮ

SĞũĂŵ x Ğ y ŽƐ ŶƷŵĞƌŽƐ ƌĞĂŝƐ ƋƵĞ ƐĂƟƐĨĂǌĞŵ Ă ŝŐƵĂůĚĂĚĞ i(x− 2i)+ (1−yi) = (x+y)− i͕ ŽŶĚĞ
i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͘ O ŵſĚƵůŽ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = (x+ yi)2 Ġ ŝŐƵĂů Ă

;ĂͿ
√
5

;ďͿ 5
;ĐͿ 2

√
5

;ĚͿ 2

R͗ VĂŵŽƐ ĚĞƐĞŶǀŽůǀĞƌ Ă ĞƋƵĂĕĆŽ ĚĂĚĂ͗

i(x− 2i) + (1− yi) = (x+ y) − i

xi− 2i2 + 1− yi = x+ y− i

xi+ 2+ 1− yi− x− y+ i = 0

(3− x− y) + (x− y+ 1)i = 0.

LŽŐŽ͕ ƚĞŵŽƐ ƋƵĞ 3− x− y = 0 Ğ x− y+ 1 = 0͕ ŝƐƚŽ Ġ͗

{
x+ y = 3

x− y = −1

SŽŵĂŶĚŽ ĂƐ ĚƵĂƐ ĞƋƵĂĕƁĞƐ͕ ƚĞŵŽƐ͗

2x = 2

x = 1.

SƵďƐƟƚƵŝŶĚŽ ŶĂ ƉƌŝŵĞŝƌĂ ĞƋƵĂĕĆŽ͗

x+ y = 3

1+ y = 3

y = 2.

ϰϱ
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DĞƐĞũĂŵŽƐ ĐĂůĐƵůĂƌ Ž ŵſĚƵůŽ ĚĞ z = (x+ yi)2͕ ŝƐƚŽ Ġ͕ Ž ŵſĚƵůŽ ĚĞ z = (1+ 2i)2͘ VĞũĂ ƋƵĞ
|1+ 2i| =

√

12 + 22 =
√
5͘ LŽŐŽ͗

|z| = |(1+ 2i)2|

|z| = |1+ 2i|2

|z| = (
√
5)2

|z| = 5.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϯͿ QUESTÃO Ϯϯ

SĞŶĚŽ i Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ Ă ƉŽƚġŶĐŝĂ ĚĞ
[

(1− i)2 − (1+ i)2
]3 Ġ ŝŐƵĂů Ă

;ĂͿ 64
;ďͿ −64

;ĐͿ 64i
;ĚͿ −64i

R͗ BĂƐƚĂ ĞĨĞƚƵĂƌŵŽƐ ĂƐ ĐŽŶƚĂƐ͗

[

(1− i)2 − (1+ i)2
]3

=
[

1− 2i+ i2 − (1+ 2i+ i2)
]3

=
(

1− 2i+ i2 − 1− 2i− i2
)3

= (−4i)
3

= (−4)3 · i3

= −64 · (−i)

= 64i.

GĂďĂƌŝƚŽ͗ C

ϰϲ
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���;EEARͲϮϬϬϯͿ QUESTÃO Ϯϰ

SĞŶĚŽ i Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ Ž ƌĞƐƵůƚĂĚŽ ĚĞ (3+ 2i)(6− 4i)

−1+ 3i
Ġ

;ĂͿ −1− 3i

;ďͿ −13− 39i

;ĐͿ −13

5
−

39i

5

;ĚͿ 13

5
+

39i

5

R͗ CŽŵĞĐĞŵŽƐ Ă ĨĂǌĞƌ ŽƐ ĐĄůĐƵůŽƐ͗

(3+ 2i)(6− 4i)

−1+ 3i
=

18− 12i+ 12i− 8i2

−1+ 3i

=
18+ 8

−1+ 3i

=
26

−1+ 3i

=
26 · (−1− 3i)

(−1+ 3i) · (−1− 3i)

=
−26− 78i

(−1)2 + (−3)2

=
−26− 78i

1+ 9

=
−26− 78i

10

=
−13− 39i

5

= −
13

5
−

39i

5
.

GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϬϯͿ QUESTÃO Ϯϱ

SĞŶĚŽ 1+ i

i
Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ƐĞƵ ĐŽŶũƵŐĂĚŽ ǀĂůĞ

;ĂͿ 1− i

i

ϰϳ
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;ďͿ −−1+ i

i
;ĐͿ 1+ i

;ĚͿ i

1+ i

R͗ FĂĕĂŵŽƐ ŽƐ ĐĄůĐƵůŽƐ͕ ƌĂĐŝŽŶĂůŝǌĂŶĚŽ Ă ĞǆƉƌĞƐƐĆŽ ĚĂĚĂ͗

1+ i

i
=

(1+ i) · i
i · i

=
i+ i2

i2

=
i− 1

−1

= 1− i.

O ĐŽŶũƵŐĂĚŽ ĚĞ 1− i Ġ 1+ i͘

GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϬϰͿ QUESTÃO Ϯϲ

á ĞƋƵĂĕĆŽ x2 − 4x+ 5 = 0͕ ŶŽ ĐĂŵƉŽ ĐŽŵƉůĞǆŽ͕ ƚĞŵ ĐŽŵŽ ĐŽŶũƵŶƚŽ ǀĞƌĚĂĚĞ

;ĂͿ {2− i, 2+ i}͘
;ďͿ {2− 2i, 2+ 2i}͘
;ĐͿ {1− i, 1+ i}͘
;ĚͿ {4− i, 4+ i}͘

���;EEARͲϮϬϬϰͿ QUESTÃO Ϯϳ

á ƐŽŵĂ ĚŽƐ ƉŽƐƐşǀĞŝƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ z1 Ğ z2͕ ƚĂŝƐ ƋƵĞ z2 = 5+ 12i͕ Ġ

;ĂͿ 6͘
;ďͿ 0͘
;ĐͿ 4i͘
;ĚͿ 3+ 2i͘

ϰϴ
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���;EEARͲϮϬϬϱͿ QUESTÃO Ϯϴ

SĞŶĚŽ i Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ Ă ƉŽƚġŶĐŝĂ
[

(1− i)2 − (1+ i)2
]3 Ġ ŝŐƵĂů Ă

;ĂͿ 64͘
;ďͿ −64͘
;ĐͿ 64i͘
;ĚͿ −64i͘

���;EEARͲϮϬϬϱͿ QUESTÃO Ϯϵ

SĞŶĚŽ i Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ ƐŝŵƉůŝĮĐĂŶĚŽͲƐĞ Ă ĞǆƉƌĞƐƐĆŽ ĐŽƐx+ iƐĞŶx
ĐŽƐx− iƐĞŶx ŽďƚĠŵͲƐĞ

;ĂͿ i(ĐŽƐ 2x− ƐĞŶ2x)͘
;ďͿ i(ĐŽƐ 2x+ ƐĞŶ2x)͘
;ĐͿ ĐŽƐ 2x− iƐĞŶ2x͘
;ĚͿ ĐŽƐ 2x+ iƐĞŶ2x͘

���;EEARͲϮϬϬϱͿ QUESTÃO ϯϬ

SĞ z =
√
2

(

ĐŽƐ 5π
4

+ i · ƐĞŶ 5π
4

)

͕ ĞŶƚĆŽ z7 Ġ ŝŐƵĂů ĂŽ ƉƌŽĚƵƚŽ ĚĞ 8
√
2 ƉŽƌ

;ĂͿ ĐŽƐ π
4
+ iƐĞŶ π

4

;ďͿ ĐŽƐ 5π
4

+ iƐĞŶ 5π
4

;ĐͿ ĐŽƐ 7π
4

+ iƐĞŶ 7π
4

;ĚͿ ĐŽƐ 3π
4

+ iƐĞŶ 3π
4

���;EEARͲϮϬϬϱͿ QUESTÃO ϯϭ

SĞũĂM Ž ĂĮǆŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z͘ á ĨŽƌŵĂ ƉŽůĂƌ ĚĞ z Ġ

;ĂͿ 2
(

ĐŽƐ 4π
3

+ iƐĞŶ 4π
3

)

ϰϵ
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;ďͿ ĐŽƐ 4π
3

+ iƐĞŶ 4π
3

;ĐͿ 2
(

ĐŽƐ 7π
6

+ iƐĞŶ 7π
6

)

;ĚͿ ĐŽƐ 7π
6

+ iƐĞŶ 7π
6

���;EEARͲϮϬϬϱͿ QUESTÃO ϯϮ

SĞŶĚŽ i Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ ƐŝŵƉůŝĮĐĂŶĚŽͲƐĞ Ă ĞǆƉƌĞƐƐĆŽ (3+ i)71 · (3− i)30

(i− 3)29 · (−3− i)70
͕ ŽďƚĠŵͲƐĞ͗

;ĂͿ −10͘
;ďͿ −8͘
;ĐͿ 8͘
;ĚͿ 10͘

���;EEARͲϮϬϬϲͿ QUESTÃO ϯϯ

SĞũĂQ Ă ŝŵĂŐĞŵ ŐĞŽŵĠƚƌŝĐĂ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͘ O ĂƌŐƵŵĞŶƚŽ ĚĞƐƐĞ ŶƷŵĞƌŽ Ġ

;ĂͿ ĂƌĐƐĞŶ 1
3

;ďͿ ĂƌĐƐĞŶ 2
√
2

3

;ĐͿ ĂƌĐĐŽƐ 1
3

;ĚͿ ĂƌĐĐŽƐ
(

−
2
√
2

3

)

���;EEARͲϮϬϬϲͿ QUESTÃO ϯϰ

SĞŶĚŽm−ni = i Ğmi−n = 1+3i͕ ŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐm Ğ n ƐĆŽ ƚĂŝƐ͕ ƋƵĞ ƐƵĂ ƐŽŵĂ Ġ ŝŐƵĂů
Ă

ϱϬ
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;ĂͿ −1

2
−

3

2
i

;ďͿ −1

2
+

3

2
i

;ĐͿ 1

2
−

3

2
i

;ĚͿ 1

2
+

3

2
i

���;EEARͲϮϬϬϲͿ QUESTÃO ϯϱ

O ƉƌŽĚƵƚŽ z · z ′͕ ƐĞŶĚŽ z = 2

(

ĐŽƐ 5π
4

+ iƐĞŶ 5π
4

)

Ğ z ′ = a

(

ĐŽƐ 3π
4

+ iƐĞŶ 3π
4

)

͕ ƉŽĚĞ ƐĞƌ ĞǆͲ
ƉƌĞƐƐŽ ƉŽƌ͗

;ĂͿ 2a(ĐŽƐ 0+ iƐĞŶ0)
;ďͿ 2a

(

ĐŽƐ π
2
+ iƐĞŶ π

2

)

;ĐͿ a
(

ĐŽƐ π
2
+ iƐĞŶ π

2

)

;ĚͿ a(ĐŽƐ 2π+ iƐĞŶ2π)

���;EEARͲϮϬϬϳͿ QUESTÃO ϯϲ

O ƋƵĂĚƌĂŶƚĞ Ğŵ ƋƵĞ ƐĞ ƌĞƉƌĞƐĞŶƚĂ͕ ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͕ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = 1+ i3 Ġ Ž

;ĂͿ ϭǑ͘
;ďͿ ϮǑ͘
;ĐͿ ϯǑ͘
;ĚͿ ϰǑ͘

���;EEARͲϮϬϬϳͿ QUESTÃO ϯϳ

á ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z =
3

3− i
+

3+ 2i

i− 2
Ġ

;ĂͿ 0, 1− 3i͘
;ďͿ 0, 1− 1, 1i͘
;ĐͿ 1, 7+ 11i͘
;ĚͿ 1− 1, 7i͘

���;EEARͲϮϬϬϴͿ QUESTÃO ϯϴ

DĂĚŽ x ∈ R͕ ƉĂƌĂ ƋƵĞ Ž ŶƷŵĞƌŽ z = (2− xi)(x+ 2i) ƐĞũĂ ƌĞĂů͕ Ž ǀĂůŽƌ ĚĞ x ƉŽĚĞ ƐĞƌ

ϱϭ
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;ĂͿ 4͘
;ďͿ 0͘
;ĐͿ −1͘
;ĚͿ −2͘

���;EEARͲϮϬϬϴͿ QUESTÃO ϯϵ

O ŵſĚƵůŽ ĚŽ ĐŽŵƉůĞǆŽ z = −3+ 4i Ġ

;ĂͿ 3͘
;ďͿ 4͘
;ĐͿ 5͘
;ĚͿ 6͘

���;EEARͲϮϬϬϴͿ QUESTÃO ϰϬ

CĂůĐƵůĂŶĚŽ i2053 ŽďƚĠŵͲƐĞ

;ĂͿ 1͘
;ďͿ i͘
;ĐͿ −i͘
;ĚͿ −1͘

���;EEARͲϮϬϬϵͿ QUESTÃO ϰϭ

SĞũĂŵ ĚŽŝƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ z1 Ğ z2͘ SĞ z1 ƚĞŵ ŝŵĂŐĞŵ P(4,−1) Ğ z2 = −1+ 3i͕ ĞŶƚĆŽ z1 − z2

Ġ ŝŐƵĂů Ă

;ĂͿ 3+ 4i͘
;ďͿ 1− 5i͘
;ĐͿ 5− 4i͘
;ĚͿ 2+ 2i͘

���;EEARͲϮϬϬϵͿ QUESTÃO ϰϮ

SĞ Ă ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ Ġ −1 + i͕ ĞŶƚĆŽ ƐƵĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ƚĞŵ
ĂƌŐƵŵĞŶƚŽ ŝŐƵĂů Ă

ϱϮ
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;ĂͿ 5π

6

;ďͿ 3π

4
;ĐͿ π

6
;ĚͿ π

4

���;EEARͲϮϬϬϵͿ QUESTÃO ϰϯ

NĂ ĮŐƵƌĂ͕ Ž ƉŽŶƚŽ P ƌĞƉƌĞƐĞŶƚĂ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ĐƵũŽ ĐŽŶũƵŐĂĚŽ Ġ

;ĂͿ −3+ 4i͘
;ďͿ −4+ 3i͘
;ĐͿ 4− 3i͘
;ĚͿ 3− 4i͘

���;EEARͲϮϬϭϬͿ QUESTÃO ϰϰ

O ŝŶǀĞƌƐŽ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = −2i Ġ z ′ =

;ĂͿ i

2

;ďͿ 1

2
;ĐͿ −2

;ĚͿ 2i

���;EEARͲϮϬϭϬͿ QUESTÃO ϰϱ

SĞũĂ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = 1+ i͘ SĞ z ′ Ġ Ž ĐŽŶũƵŐĂĚŽ ĚĞ z͕ ĞŶƚĆŽ Ž ƉƌŽĚƵƚŽ |z| · |z ′| Ġ ŝŐƵĂů Ă

;ĂͿ 1͘
;ďͿ 2͘
;ĐͿ

√
3͘

;ĚͿ 2
√
3͘

ϱϯ
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���;EEARͲϮϬϭϬͿ QUESTÃO ϰϲ

O ǀĂůŽƌ ĚĞ i11 − i21 − i38 Ġ

;ĂͿ 1− 2i͘
;ďͿ 2− i͘
;ĐͿ −2͘
;ĚͿ 1͘

���;EEARͲϮϬϭϬͿ QUESTÃO ϰϳ

MƵůƟƉůŝĐĂŶĚŽͲƐĞ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ 2− 3i ƉĞůŽ ƐĞƵ ĐŽŶũƵŐĂĚŽ͕ ŽďƚĠŵͲƐĞ

;ĂͿ 0͘
;ďͿ −1͘
;ĐͿ 11͘
;ĚͿ 13͘

���;EEARͲϮϬϭϭͿ QUESTÃO ϰϴ

SĞũĂ z ′ Ž ĐŽŶũƵŐĂĚŽ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = 1− 3i͘ O ǀĂůŽƌ ĚĞ 2z+ z ′ Ġ

;ĂͿ 3− 3i͘
;ďͿ 1− 3i͘
;ĐͿ 3+ i͘
;ĚͿ 1+ i͘

���;EEARͲϮϬϭϭͿ QUESTÃO ϰϵ

O ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = (a− 4) + (b− 5)i ƐĞƌĄ Ƶŵ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ ƐĞ

;ĂͿ a = 4 Ğ b = 5͘
;ďͿ a = 4 Ğ b ̸= 5͘
;ĐͿ a ̸= 4 Ğ b = 5͘
;ĚͿ a ̸= 4 Ğ b ̸= 5͘

���;EEARͲϮϬϭϮͿ QUESTÃO ϱϬ

O ŵſĚƵůŽ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = −1+ 3i Ġ

ϱϰ
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;ĂͿ 1
;ďͿ 2
;ĐͿ

√
5

;ĚͿ
√
10

���;EEARͲϮϬϭϯͿ QUESTÃO ϱϭ

SĞũĂŵ ρ1 Ğ ρ2͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕ ŽƐ ŵſĚƵůŽƐ ĚŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ z1 = 1 + 2i Ğ z2 = 4 − 2i͘
áƐƐŝŵ͕ ρ1 + ρ2 Ġ ŝŐƵĂů Ă

;ĂͿ 5
;ďͿ

√
5

;ĐͿ 2
√
5

;ĚͿ 3
√
5

���;EEARͲϮϬϭϯͿ QUESTÃO ϱϮ

SĞ z = 3+ 2i Ġ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ĞŶƚĆŽ z2 Ġ ŝŐƵĂů Ă

;ĂͿ 5+ 12i͘
;ďͿ 9+ 12i͘
;ĐͿ 13+ 4i͘
;ĚͿ 9+ 4i͘

���;EEARͲϮϬϭϯͿ QUESTÃO ϱϯ

SĞũĂ z ′ Ž ĐŽŶũƵŐĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z͘ SĂďĞŶĚŽ ƋƵĞ z = a+ bi Ğ ƋƵĞ 2z+ z ′ = 9+ 2i͕
Ž ǀĂůŽƌ ĚĞ a+ b Ġ

;ĂͿ 5
;ďͿ 4
;ĐͿ 3
;ĚͿ 2

���;EEARͲϮϬϭϰͿ QUESTÃO ϱϰ

SĞ i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ ƉŽĚĞͲƐĞ ĂĮƌŵĂƌ ƋƵĞ i7 Ġ ŝŐƵĂů Ă

ϱϱ
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;ĂͿ i͘
;ďͿ i2͘
;ĐͿ i3͘
;ĚͿ i4͘

���;EEARͲϮϬϭϱͿ QUESTÃO ϱϱ

SĞũĂŵ z Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ Ğ z ′ Ž ĐŽŶũƵŐĂĚŽ ĚĞ z͘ SĞ z1 = z+z ′ Ğ z2 = z−z ′͕ ƉŽĚĞͲƐĞ ŐĂƌĂŶƟƌ
ƋƵĞ

;ĂͿ z1 Ġ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů Ğ z2 Ġ Ƶŵ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͘
;ďͿ z1 Ġ Ƶŵ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ Ğ z2 Ġ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͘
;ĐͿ z1 Ğ z2 ƐĆŽ ŝŵĂŐŝŶĄƌŝŽƐ ƉƵƌŽƐ͘
;ĚͿ z1 Ğ z2 ƐĆŽ ŶƷŵĞƌŽƐ ƌĞĂŝƐ͘

���;EEARͲϮϬϭϱͿ QUESTÃO ϱϲ

SĞũĂ z =
√
3 · (ĐŽƐ 20◦ + i · ƐĞŶ20◦) Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ŶĂ ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ͘ áƐƐŝŵ͕ z2 Ġ

ŝŐƵĂů Ă͗

;ĂͿ 3 · (ĐŽƐ 20◦ + i · ƐĞŶ20◦)
;ďͿ 3 · (ĐŽƐ 40◦ + i · ƐĞŶ40◦)
;ĐͿ 2

√
3 · (ĐŽƐ 20◦ + i · ƐĞŶ20◦)

;ĚͿ 2
√
3 · (ĐŽƐ 40◦ + i · ƐĞŶ40◦)

���;EEARͲϮϬϭϲͿ QUESTÃO ϱϳ

SĞũĂŵ Z1 Ğ Z2 ĚŽŝƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͘ SĂďĞͲƐĞ ƋƵĞ Ž ƉƌŽĚƵƚŽ ĚĞ Z1 Ğ Z2 Ġ −10 + 10i͘ SĞ
Z1 = 1+ 2i͕ ĞŶƚĆŽ Ž ǀĂůŽƌ ĚĞ Z2 Ġ ŝŐƵĂů Ă

;ĂͿ 5+ 6i

;ďͿ 2+ 6i

;ĐͿ 2+ 15i

;ĚͿ −6+ 6i

���;EEARͲϮϬϭϲͿ QUESTÃO ϱϴ

ϱϲ
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SĂďĞͲƐĞ ƋƵĞ ŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐZ1 = [2m(3+m)]+(3n+5)i ĞZ2 = (2m2+12)+[4(n+1)]i

ƐĆŽ ŝŐƵĂŝƐ͘ EŶƚĆŽ͕ ŽƐ ǀĂůŽƌĞƐ ĚĞm Ğ n ƐĆŽ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ

;ĂͿ 3 Ğ 1
;ďͿ 2 Ğ 1
;ĐͿ 2 Ğ−1

;ĚͿ 3 Ğ−1

���;EEARͲϮϬϭϳͿ QUESTÃO ϱϵ

CŽŶƐŝĚĞƌĞ z1 = (2+ x) + (x2 − 1)i Ğ z2 = (m− 1) + (m2 − 9)i͘ SĞ z1 Ġ Ƶŵ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ
ƉƵƌŽ Ğ z2 Ġ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͕ Ġ ĐŽƌƌĞƚŽ ĂĮƌŵĂƌ ƋƵĞ x+m ƉŽĚĞ ƐĞƌ ŝŐƵĂů Ă

;ĂͿ 1
;ďͿ 2
;ĐͿ 3
;ĚͿ 4

���;EEARͲϮϬϭϳͿ QUESTÃO ϲϬ

SĞ i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ ĞŶƚĆŽ 2i3 + 3i2 + 3i+ 2 Ġ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ƋƵĞ ƉŽĚĞ ƐĞƌ ƌĞƉƌĞͲ
ƐĞŶƚĂĚŽ ŶŽ ƉůĂŶŽ ĚĞ áƌŐĂŶĚͲ GĂƵƐƐ ŶŽ ƋƵĂĚƌĂŶƚĞ͘

;ĂͿ ƉƌŝŵĞŝƌŽ
;ďͿ ƐĞŐƵŶĚŽ
;ĐͿ ƚĞƌĐĞŝƌŽ
;ĚͿ ƋƵĂƌƚŽ

���;EEARͲϮϬϭϴͿ QUESTÃO ϲϭ

SĞũĂŵ ŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ z1 = 1− i͕ z2 = 3+ 5i Ğ z3 = z1 + z2͘ O ŵſĚƵůŽ ĚĞ z3 Ġ ŝŐƵĂů Ă

;ĂͿ 2
√
2

;ďͿ 4
√
2

;ĐͿ 2
√
3

;ĚͿ 4
√
3

���;EEARͲϮϬϭϴͿ QUESTÃO ϲϮ

ϱϳ
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DĂĚŽ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = a+ bi͕ ƐĞ z+ z = 10 Ğ z− z = −16i͕ ĞŶƚĆŽ a+ b Ġ

;ĂͿ −6

;ďͿ −3

;ĐͿ 2
;ĚͿ 8

���;EEARͲϮϬϭϵͿ QUESTÃO ϲϯ

á ƉĂƌƚĞ ƌĞĂů ĚĂƐ ƌĂşǌĞƐ ĐŽŵƉůĞǆĂƐ ĚĂ ĞƋƵĂĕĆŽ x2 − 4x+ 13 = 0͕ Ġ ŝŐƵĂů Ă

;ĂͿ 1
;ďͿ 2
;ĐͿ 3
;ĚͿ 4

���;EEARͲϮϬϭϵͿ QUESTÃO ϲϰ

SĞ i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ ĚŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ͕ Ž ǀĂůŽƌ ĚĞ i15 + i17 Ġ

;ĂͿ −i

;ďͿ −1

;ĐͿ 0
;ĚͿ 1

���;EFOMMͲϮϬϬϱͿ QUESTÃO ϲϱ

DĞƚĞƌŵŝŶĞ Ž ǀĂůŽƌ ĚĞ ǆ ƉĂƌĂ ƋƵĞ Ž ƉƌŽĚƵƚŽ (12− 2i)[18+ (x− 2)i] ƐĞũĂ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͘

;ĂͿ 4
;ďͿ 5
;ĐͿ 6
;ĚͿ 7
;ĞͿ 8

���;EFOMMͲϮϬϬϲͿ QUESTÃO ϲϲ

O ŝŶǀĞƌƐŽ ĚŽ ĐŽŵƉůĞǆŽ 2i Ġ͗

ϱϴ
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;ĂͿ 1

2
− i

;ďͿ 1

2
+ i

;ĐͿ i

2

;ĚͿ −i

2
;ĞͿ −2

���;EFOMMͲϮϬϬϲͿ QUESTÃO ϲϳ

QƵĂů Ž ǀĂůŽƌ ĚĞ e͕ ƋƵĞ Ġ Ƶŵ ĞƐĐĂůĂƌ ƌĞĂů͕ Ğŵ ƋƵĞ Ă ƉĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ 2+ i

e+ 2i
Ġ

ŶƵůĂ͍

;ĂͿ −4

;ďͿ −2

;ĐͿ 1
;ĚͿ 2
;ĞͿ 4

���;EFOMMͲϮϬϬϳͿ QUESTÃO ϲϴ

O ĂƌŐƵŵĞŶƚŽ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ −
1

2
−

1

2
i Ġ͗

;ĂͿ 45◦

;ďͿ 60◦

;ĐͿ 90◦

;ĚͿ 135◦

;ĞͿ 225◦

���;EFOMMͲϮϬϬϴͿ QUESTÃO ϲϵ

áŶĂůŝƐĞ ĂƐ ĂĮƌŵĂƟǀĂƐ ĂďĂŝǆŽ͕ ƐĞŶĚŽ z ∈ C͗

IͲ SĞW =
3i+ 6z− iz2

2+ 2z2 + 3iz+ 3|z|2 + |z|
ĞŶƚĆŽƉŽĚĞŵŽƐ ĂĮƌŵĂƌ ƋƵĞW =

−3i+ 6z+ iz2

2+ 2z2 − 3iz+ 3|z|2 + |z|
͘

IIͲ DĂĚŽ |z− 3i| = 2 ƉŽĚĞŵŽƐ ĂĮƌŵĂƌ ƋƵĞ Ġ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ĐĞŶƚƌŽ (0, 3) Ğ ƌĂŝŽ 2͘

IIIͲ á ĨŽƌŵĂ ƚƌŝŐŽŶŽŵĠƚƌŝĐĂ ĚĞw = 6i Ġw = 6
(

ƐĞŶ π
2
+ i ĐŽƐ π

2

)

͘

ϱϵ
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IVͲ SĂďĞͲƐĞ ƋƵĞ−1 Ġ ƌĂŝǌ ĚƵƉůĂ ĚŽ ƉŽůŝŶƀŵŝŽ P(x) = 2x4 + x3 − 3x2 − x+ 1͘ LŽŐŽ͕ ĂƐ ŽƵƚƌĂƐ ƌĂşǌĞƐ
ƐĆŽ ŶƷŵĞƌŽƐ ŝŶƚĞŝƌŽƐ͘

;ĂͿ áƐ ĂĮƌŵĂƟǀĂƐ I Ğ IV ƐĆŽ ǀĞƌĚĂĚĞŝƌĂƐ͘
;ďͿ áƉĞŶĂƐ Ă ĂĮƌŵĂƟǀĂ I Ġ ǀĞƌĚĂĚĞŝƌĂ͘
;ĐͿ áƐ ĂĮƌŵĂƟǀĂƐ II Ğ IV ƐĆŽ ĨĂůƐĂƐ͘
;ĚͿ áƐ ĂĮƌŵĂƟǀĂƐ I Ğ II ƐĆŽ ǀĞƌĚĂĚĞŝƌĂƐ͘
;ĞͿ áƉĞŶĂƐ Ă ĂĮƌŵĂƟǀĂ II Ġ ĨĂůƐĂ͘

���;EFOMMͲϮϬϬϴͿ QUESTÃO ϳϬ

É ďĞŵ ĐŽŶŚĞĐŝĚĂ Ă ƌĞůĂĕĆŽ ĐŽƐθ =
Ğiθ + Ğ−iθ

2
͕ ŽŶĚĞ θ Ġ Ƶŵ ąŶŐƵůŽ Ğŵ ƌĂĚŝĂŶŽƐ Ğ i =

√
−1͘ DĂĚĂ

Ă ƌĞůĂĕĆŽ͕ ƉŽĚĞŵŽƐ ĐŽŶĐůƵŝƌ ƋƵĞ ƐĞ θ Ġ Ƶŵ ŶƷŵĞƌŽ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ ĚĂ ĨŽƌŵĂ bi͕ ŽŶĚĞ b ∈ R͕ ĐŽƐθ
Ġ Ƶŵ ŶƷŵĞƌŽ͗

;ĂͿ ĞŶƚƌĞ−1 Ğ 1
;ďͿ ŵĂŝŽƌ ƋƵĞ −1 Ğ ŵĞŶŽƌ ƋƵĞ Ϭ
;ĐͿ ŵĂŝŽƌ ƋƵĞ 1
;ĚͿ ŝŐƵĂů Ă 1
;ĞͿ ŝŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͘

���;EFOMMͲϮϬϬϵͿ QUESTÃO ϳϭ

QƵĂů Ġ Ž ŵĞŶŽƌ ǀĂůŽƌ ĚŽ ŶƷŵĞƌŽ ŶĂƚƵƌĂů ƉŽƐŝƟǀŽ n ƉĂƌĂ ƋƵĞ (
√
3+ i)n͕ ŽŶĚĞ i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝͲ

ŶĄƌŝĂ͕ ƐĞũĂ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͍

;ĂͿ 2
;ďͿ 3
;ĐͿ 4
;ĚͿ 5
;ĞͿ 6

���;EFOMMͲϮϬϭϬͿ QUESTÃO ϳϮ

CŽŶƐŝĚĞƌĞ Ž ĐŽŶũƵŶƚŽ ĚŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ z ĐŽŵ Ă ƉƌŽƉƌŝĞĚĂĚĞ |z+169i| ≤ 65͕ ĂĚŵŝƟŶĚŽ ƋƵĞ
i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͘ O ĞůĞŵĞŶƚŽ ĚĞƐƐĞ ĐŽŶũƵŶƚŽ ƋƵĞ ƉŽƐƐƵŝ Ž ŵĂŝŽƌ ĂƌŐƵŵĞŶƚŽ θ͕ 0 ≤ θ ≤ 2π͕
Ġ ŝŐƵĂů Ă͗

ϲϬ
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;ĂͿ 60− 144i

;ďͿ 65− 169i

;ĐͿ −104i

;ĚͿ −65− 169i

;ĞͿ 65− 156i

���;EFOMMͲϮϬϭϭͿ QUESTÃO ϳϯ

SĞũĂŵ ŽƐ ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ z ƚĂŝƐ ƋƵĞ 1

3
|z| = |z+ 1|͘ O ůƵŐĂƌ ŐĞŽŵĠƚƌŝĐŽ ĚĂƐ ŝŵĂŐĞŶƐ ĚĞƐƐĞƐ

ŶƷŵĞƌŽƐ ĐŽŵƉůĞǆŽƐ Ġ ƵŵĂ

;ĂͿ ƉĂƌĄďŽůĂ
;ďͿ ƌĞƚĂ
;ĐͿ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ 3

8

;ĚͿ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ 3

2
;ĞͿ ŚŝƉĠƌďŽůĞ

���;EFOMMͲϮϬϭϮͿ QUESTÃO ϳϰ

á ƐŽůƵĕĆŽ ĚĂ ĞƋƵĂĕĆŽ |z|+ z = 1+ 3i Ġ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ ĚĞ ŵſĚƵůŽ͗

;ĂͿ 5

4
;ďͿ 5
;ĐͿ

√
5

;ĚͿ
√
5

2

;ĞͿ 5

2

���;EFOMMͲϮϬϭϯͿ QUESTÃO ϳϱ

SĞ ŽƐ ŶƷŵĞƌŽƐ ƌĞĂŝƐ x Ğ y ƐĆŽ ƐŽůƵĕƁĞƐ ĚĂ ĞƋƵĂĕĆŽ
(

1+ i

1− i

)

+
1

x+ iy
= 1+ i͕ ĞŶƚĆŽ 5x+ 15y Ġ

ŝŐƵĂů Ă͗

;ĂͿ 0
;ďͿ −1

;ĐͿ 1
;ĚͿ

√
2

ϲϭ
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;ĞͿ −
√
2

���;EFOMMͲϮϬϭϰͿ QUESTÃO ϳϲ

SĂďĞŶĚŽͲƐĞ ƋƵĞ Ă ƌĂŝǌ ƋƵĂĚƌĂĚĂ ĚŽ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ −16 + 30i Ġ (a + bi) ŽƵ (c + di)͕ ŽŶĚĞ
a,b, c, d ∈ R Ğ a > 0͕ ƉŽĚĞͲƐĞ ĂĮƌŵĂƌ ƋƵĞ Ž ǀĂůŽƌ ĚĞ a+ d Ġ͗

;ĂͿ +2͘
;ďͿ +1͘
;ĐͿ 0͘
;ĚͿ −1͘
;ĞͿ −2͘

���;EFOMMͲϮϬϭϱͿ QUESTÃO ϳϳ

CŽŶƐŝĚĞƌĞ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z1 ̸= 1͕ ƚĂů ƋƵĞ z1 ƐĞũĂ ƐŽůƵĕĆŽ ĚĂ ĞƋƵĂĕĆŽ z6 = 1͕ ĐŽŵ ŵĞŶŽƌ
ĂƌŐƵŵĞŶƚŽ ƉŽƐŝƟǀŽ͘ á ƐŽůƵĕĆŽ z2 ĚĂ ŵĞƐŵĂ ĞƋƵĂĕĆŽ͕ ĐƵũŽ ĂƌŐƵŵĞŶƚŽ Ġ Ž ƚƌŝƉůŽ ĚŽ ĂƌŐƵŵĞŶƚŽ ĚĞ z1͕
Ġ ŝŐƵĂů Ă

;ĂͿ 1

2
+ i

√
3

2

;ďͿ −1

2
+ i

√
3

2
;ĐͿ −1

;ĚͿ −1

2
− i

√
3

2

;ĞͿ 1

2
− i

√
3

2

���;EFOMMͲϮϬϭϲͿ QUESTÃO ϳϴ

SĞũĂ Ž ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ z = −1−
√
3i͕ ŽŶĚĞ i Ġ Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͘ O ǀĂůŽƌ ĚĞ z8 Ġ͗

;ĂͿ z = 256

(

ĐŽƐ 4π
3

+ iƐĞŶ 4π
3

)

;ďͿ z = 256
(

ĐŽƐ π
3
+ iƐĞŶ π

3

)

;ĐͿ z = 256

(

ĐŽƐ 5π
3

+ iƐĞŶ 5π
3

)

;ĚͿ z = 256

(

ĐŽƐ 2π
3

+ iƐĞŶ 2π
3

)

;ĞͿ z = 256 (ĐŽƐ 2π+ iƐĞŶ2π)

ϲϮ
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���;EFOMMͲϮϬϭϲͿ QUESTÃO ϳϵ

O ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ z = |z| · (ĐŽƐθ+ i · ƐĞŶθ)͕ ƐĞŶĚŽ i Ă ƵŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ Ğ 0 ≤ θ ≤ 2π͕ ƋƵĞ
ƐĂƟƐĨĂǌ Ă ŝŶĞƋƵĂĕĆŽ |z+ 3i| ≤ 2 Ğ ƋƵĞ ƉŽƐƐƵŝ Ž ŵĞŶŽƌ ĂƌŐƵŵĞŶƚŽ θ͕ Ġ

;ĂͿ z = −
5

3
−

2
√
5

3
i

;ďͿ z = −
5

3
+

2
√
5

3
i

;ĐͿ z = −
2
√
5

3
−

5

3
i

;ĚͿ z = −
2
√
5

3
+

5

3
i

;ĞͿ z = −2
√
5+ 5i

���;EFOMMͲϮϬϭϴͿ QUESTÃO ϴϬ

RĞƐŽůǀĞŶĚŽ 1+ i+ i2 + . . .+ in͕ ĐŽŵ n = 4k+ 1 Ğ k ∈ Z ;ŶŽƐ ŝŶƚĞŝƌŽƐͿ͕ ŽďƚĞŵŽƐ

;ĂͿ in

;ďͿ 1+ in

;ĐͿ 1
;ĚͿ 1+ i2

;ĞͿ 1+ i

���;EFOMMͲϮϬϭϴͿ QUESTÃO ϴϭ

RĞƐŽůǀĞŶĚŽ Ž ƐŝƐƚĞŵĂ

{
|z− 2| = |z+ 4|

|z− 3|+ |z+ 3| = 10
͕ ƉĂƌĂ z ĐŽŵƉůĞǆŽ͕ ĞŶĐŽŶƚƌĂŵŽƐ ĐŽŵŽ ƐŽůƵĕĆŽ

;ĂͿ −1+
8
√
6

5
i͖−1−

8
√
6

5

;ďͿ +1+
8
√
6

5
i͖+1−

8
√
6

5

;ĐͿ −1+
6
√
8

5
i͖−1−

6
√
8

5

;ĚͿ +1+
6
√
8

5
i͖+1−

6
√
8

5

;ĞͿ +1−
8
√
6

5
i͖−1−

8
√
6

5

GABARITO

ϲϯ
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QƵĞƐƚĆŽ ϭ͗ á
QƵĞƐƚĆŽ Ϯ͗ B
QƵĞƐƚĆŽ ϯ͗ á
QƵĞƐƚĆŽ ϰ͗ á
QƵĞƐƚĆŽ ϱ͗ á
QƵĞƐƚĆŽ ϲ͗ C
QƵĞƐƚĆŽ ϳ͗ B
QƵĞƐƚĆŽ ϴ͗ B
QƵĞƐƚĆŽ ϵ͗ á
QƵĞƐƚĆŽ ϭϬ͗ á
QƵĞƐƚĆŽ ϭϭ͗ D
QƵĞƐƚĆŽ ϭϮ͗ D
QƵĞƐƚĆŽ ϭϯ͗ B
QƵĞƐƚĆŽ ϭϰ͗ á
QƵĞƐƚĆŽ ϭϱ͗ B
QƵĞƐƚĆŽ ϭϲ͗ á
QƵĞƐƚĆŽ ϭϳ͗ C
QƵĞƐƚĆŽ ϭϴ͗ B
QƵĞƐƚĆŽ ϭϵ͗ á
QƵĞƐƚĆŽ ϮϬ͗ á
QƵĞƐƚĆŽ Ϯϭ͗ á

QƵĞƐƚĆŽ ϮϮ͗ B
QƵĞƐƚĆŽ Ϯϯ͗ C
QƵĞƐƚĆŽ Ϯϰ͗ C
QƵĞƐƚĆŽ Ϯϱ͗ C
QƵĞƐƚĆŽ Ϯϲ͗ á
QƵĞƐƚĆŽ Ϯϳ͗ B
QƵĞƐƚĆŽ Ϯϴ͗ C
QƵĞƐƚĆŽ Ϯϵ͗ D
QƵĞƐƚĆŽ ϯϬ͗ D
QƵĞƐƚĆŽ ϯϭ͗ C
QƵĞƐƚĆŽ ϯϮ͗ á
QƵĞƐƚĆŽ ϯϯ͗ B
QƵĞƐƚĆŽ ϯϰ͗ C
QƵĞƐƚĆŽ ϯϱ͗ á
QƵĞƐƚĆŽ ϯϲ͗ D
QƵĞƐƚĆŽ ϯϳ͗ B
QƵĞƐƚĆŽ ϯϴ͗ D
QƵĞƐƚĆŽ ϯϵ͗ C
QƵĞƐƚĆŽ ϰϬ͗ B
QƵĞƐƚĆŽ ϰϭ͗ C
QƵĞƐƚĆŽ ϰϮ͗ B

QƵĞƐƚĆŽ ϰϯ͗ B
QƵĞƐƚĆŽ ϰϰ͗ á
QƵĞƐƚĆŽ ϰϱ͗ B
QƵĞƐƚĆŽ ϰϲ͗ á
QƵĞƐƚĆŽ ϰϳ͗ D
QƵĞƐƚĆŽ ϰϴ͗ á
QƵĞƐƚĆŽ ϰϵ͗ B
QƵĞƐƚĆŽ ϱϬ͗ D
QƵĞƐƚĆŽ ϱϭ͗ D
QƵĞƐƚĆŽ ϱϮ͗ á
QƵĞƐƚĆŽ ϱϯ͗ á
QƵĞƐƚĆŽ ϱϰ͗ C
QƵĞƐƚĆŽ ϱϱ͗ á
QƵĞƐƚĆŽ ϱϲ͗ B
QƵĞƐƚĆŽ ϱϳ͗ B
QƵĞƐƚĆŽ ϱϴ͗ B
QƵĞƐƚĆŽ ϱϵ͗ á
QƵĞƐƚĆŽ ϲϬ͗ B
QƵĞƐƚĆŽ ϲϭ͗ B
QƵĞƐƚĆŽ ϲϮ͗ B
QƵĞƐƚĆŽ ϲϯ͗ B

QƵĞƐƚĆŽ ϲϰ͗ C

QƵĞƐƚĆŽ ϲϱ͗ B

QƵĞƐƚĆŽ ϲϲ͗ D

QƵĞƐƚĆŽ ϲϳ͗ E

QƵĞƐƚĆŽ ϲϴ͗ E

QƵĞƐƚĆŽ ϲϵ͗ D

QƵĞƐƚĆŽ ϳϬ͗ C

QƵĞƐƚĆŽ ϳϭ͗ E

QƵĞƐƚĆŽ ϳϮ͗ á

QƵĞƐƚĆŽ ϳϯ͗ C

QƵĞƐƚĆŽ ϳϰ͗ B

QƵĞƐƚĆŽ ϳϱ͗ B

QƵĞƐƚĆŽ ϳϲ͗ E

QƵĞƐƚĆŽ ϳϳ͗ C

QƵĞƐƚĆŽ ϳϴ͗ D

QƵĞƐƚĆŽ ϳϵ͗ C

QƵĞƐƚĆŽ ϴϬ͗ C

QƵĞƐƚĆŽ ϴϭ͗ á

ϲϰ
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áĮǆŽ͕ ϭϳ
áƌŐƵŵĞŶƚŽ ĚĞ Ƶŵ ĐŽŵƉůĞǆŽ͕ Ϯϭ

CŽŶũƵŐĂĚŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ϭϰ

FŽƌŵĂ ĂůŐĠďƌŝĐĂ͕ ϲ

IŵĂŐŝŶĄƌŝŽ ƉƵƌŽ͕ ϳ

MſĚƵůŽ ĚĞ Ƶŵ ŶƷŵĞƌŽ ĐŽŵƉůĞǆŽ͕ ϴ

PĂƌƚĞ ŝŵĂŐŝŶĄƌŝĂ͕ ϲ
PĂƌƚĞ ƌĞĂů͕ ϲ
PůĂŶŽ ĚĞ áƌŐĂŶĚͲGĂƵƐƐ͕ ϭϳ
PƌŝŵĞŝƌĂ ůĞŝ ĚĞ DĞ MŽŝǀƌĞ͕ ϯϰ

RĞĂů ƉƵƌŽ͕ ϳ

SĞŐƵŶĚĂ LĞŝ ĚĞ DĞ MŽŝǀƌĞ͕ ϯϲ

UŶŝĚĂĚĞ ŝŵĂŐŝŶĄƌŝĂ͕ ϰ

ϲϱ
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